KOLYVAGIN’S CONJECTURE, BIPARTITE EULER SYSTEMS, AND HIGHER
CONGRUENCES OF MODULAR FORMS

NAOMI SWEETING

ABSTRACT. Let E/Q be an elliptic curve and let K be an imaginary quadratic field. Under a certain Heegner
hypothesis, Kolyvagin constructed cohomology classes for F using K-CM points and conjectured they did
not all vanish. Conditional on this conjecture, he described the Selmer rank of E using his system of classes.
We extend work of Wei Zhang to prove new cases of Kolyvagin’s conjecture by considering congruences of
modular forms modulo large powers of p. Additionally, we prove an analogous result, and give a description
of the Selmer rank, in a complementary “definite” case (using certain modified L-values rather than CM
points). Similar methods are also used to improve known results on the Heegner point main conjecture of
Perrin-Riou. One consequence of our results is a new converse theorem, that p-Selmer rank one implies
analytic rank one, when the residual representation has dihedral image.
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1. INTRODUCTION

Let f be a weight 2 cuspidal eigenform, new of level I'o(N), without complex multiplication. The Birch
and Swinnerton-Dyer Conjecture predicts:

(1) r(Af/Q) = [Ef : Qlords=1 L(f, 5),

where A is a representative of the isogeny class of G La-type abelian varieties associated to f, r denotes the
Mordell-Weil rank, and Ey is the coefficient field of f. In pioneering works on this problem, Perrin-Riou [58]
and Kolyvagin [46, 47] studied ranks of elliptic curves over an auxiliary imaginary quadratic field K through
the theory of Heegner points on modular curves. We prove, in new cases, conjectures made by both authors.
Fix a quadratic imaginary field K, and a prime p of Ey of residue characteristic p, with O = Oy, the
completion at @ of the ring of integers Oy C Ey. Assume the following generalized Heegner hypothesis:

(Heeg) N = NTN~, where all /|{NT are split in K, all /| N~ are inert in K, and N~ is squarefree,
as well as:
(unr) pt 2N disc(K).

The rational p-adic Tate module V,, Ay of Ay is equipped with an action of Ey; write Vi =V, Ay ®p, Ey,,

for the p-adic Galois representation attached to f, and let Ty C Vy be a Galois-stable O-lattice. We shall

assume that T’y := T /T is absolutely irreducible as a representation of the Galois group Gg = Gal(Q/Q).
For purposes of exposition in this introduction, we sometimes assume:

(sclr) The image of the Gg action on Ty contains a nontrivial scalar.

By [19, Lemma 6.1], (sclr) holds when p > 5.
To formulate Kolyvagin’s conjecture, we use the hypothesis

(disc) disc(K) # —3,—4,
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and that the number of prime factors v(N7) is even. If m is a squarefree product of primes inert in K, one
can use Heegner points of conductor m on the Shimura curve X+ y- to construct classes

c(m) € H'(K, T/Im),

where I, is the ideal of O generated by £ + 1 and the ¢th Hecke eigenvalue a(f) for all £|m. (See (4.3.1)
for the definition of Xy+ n-, and (5.3.4), (8.2.7) for the definition of ¢(m).) These classes are a mild
generalization of the ones constructed by Kolyvagin [47]. We are able to prove the following result towards
Kolyvagin’s conjecture that the system {c(m)} is nontrivial:

Theorem A (Corollary 8.2.8). Assume (Heeg), (unr), and (disc) hold for f,p, and K, and v(N~) is even.
Suppose the following conditions hold:

e The modulo ¢ representation T associated to f is absolutely
irreducible; if p = 3, then Ty is not induced from a character of
(©) | Gov=9-
o If p is inert in K, then there exists some prime £y||N.
e ay(f) is a p-adic unit.
Then there exists a nonzero Kolyvagin class
0# c(m) € HY(K, Ty /1)

As Kolyvagin observed, Theorem A can be used to give a description of the Selmer ranks r* = rko Sel(K, Ty)™,
where superscripts refer to the action of complex conjugation. Indeed, define the vanishing order of the sys-
tem {c(m)} as

(2) v :=min{r(m) : ¢(m) # 0}
where as before v denotes the number of prime factors. Then we have:

Corollary B (Corollary 8.2.8). Under (sclr) and the assumptions of Theorem A,
max {r+,r_} =v+1.

Moreover r™ +r~ is odd, and the larger eigenspace for complex conjugation has eigenvalue (—1)”+16f, where
¢ 15 the global root number of f.

The latter two assertions can alternatively be deduced from the parity conjecture proven by Nekovar [53].

Since ¢(1) € Sel(K, T) is the Kummer image of the classical Heegner point yx € A¢(K), the Gross-Zagier
formula implies that L'(f/K,1) # 0 if and only if ¢(1) # 0, or equivalently if and only if yx is non-torsion.
Hence Corollary B yields a so-called p-converse theorem (in fact, under slightly weaker hypotheses):

Corollary C (Corollary 8.1.3). Assume that (Heeg), (unr), and Condition < hold for f, p, and K, and
v(N7) is even. Then L'(f/K,1) # 0 if and only if rko Sel(K,Ty) = 1, in which case Ay has Mordell-Weil
rank [Ey : Q| over K.

Now suppose instead that v(N7) is odd; it turns out that Kolyvagin’s construction, suitably modified,
may still be used to relate Selmer ranks and CM points. The Jacquet-Langlands correspondence associates
to f a quaternionic modular form

(3) b5 Xn+ n- — O,

where X+ - is a double coset space for a definite quaternion algebra, usually called a Shimura set. (See
(4.4.2) for the definition.) If m is a squarefree product of primes inert in K, there exist analogues of CM
points of conductor m on Xy+ y-. Using the values of ¢, at these points, we construct certain special
elements (well-defined up to units)

(4) A(m) € O/I,.

Here the ideal I,, C O is as before; see (5.3.4) and (8.2.7) for the definition of A(m). The analogues of
the elements A\(m) for p-power conductor have long been used in anticyclotomic Iwasawa theory, e.g. [3].
However, for squarefree m, a novel observation of this work is that the elements A(m) encode the same
information about the Selmer ranks of Ay/K as Kolyvagin’s classes ¢(m).
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Theorem D (Corollary 8.2.8). Suppose that (Heeg), (unr), (sclr), (disc), and Condition <) hold for f,p,
and K, and that v(N~) is odd. Then the vanishing order

v =min{r(m) : A(m) # 0}
is finite and
V = max {T+,T_} .
Moreover (—1)" = €5 and r™ 4+ 17 is even.

As before, the final statement is a consequence of the parity conjecture; we include it only to emphasize
that it follows from the non-vanishing of some A(m), in analogy to the indefinite case.

1.1. Remarks on the ordinarity hypothesis. As stated above, Theorems A and D and Corollaries B and
C require p to be ordinary, i.e. for a, to be a p-adic unit. In the text, we include the non-ordinary case of these
results conditional on an additional Hypothesis 8.5.4, which is expected to follow from a sufficiently general
form of the cyclotomic main conjecture for weight two modular forms at non-ordinary primes (currently an
open problem). In the ordinary case, the corresponding input comes from Skinner and Urban’s work [72].

1.2. Comparison to previous results. In the indefinite case, the first results towards Kolyvagin’s con-
jecture were obtained by Zhang [84], under a number of additional assumptions: that p > 5, that the Galois
representation associated to Tf is surjective, and additional hypotheses on the residual ramification. In
particular, under the hypotheses of [84], there exists a class ¢(m) whose reduction in H*(K,T) is nonzero;
this is not the case in general. In the definite case, the classes A(m) are a novel feature of this work and
were not considered in [84]. Since the results of this paper were first announced, alternative approaches to
Kolyvagin’s conjecture have been introduced by Burungale, Castella, Grossi, and Skinner [7] in the split
ordinary case, and by Kim [43] in the ordinary case with surjective residual Galois representation and some
ramification conditions, based on various forms of the Iwasawa main conjectures for f. In the context of
multiplicative reduction, Kolyvagin’s conjecture has also been studied by Skinner and Zhang [70].

The converse theorem we obtain (Corollary C) is new in several cases, most notably when the image of the
Galois action on Tf is dihedral, or when p = 3. A number of authors have also obtained p-converse theorems
by purely Iwasawa-theoretic methods, without first proving Kolyvagin’s conjecture; see for instance the work
of Skinner [71] and Wan [80] in the split ordinary case, Kim [42] in the ordinary case, Castella-Wan [18]
and Burungale-Biiyiikboduk-Lei [6] in the non-ordinary case, Burungale-Tian [12] and Burungale-Castella-
Skinner-Tian [10] in the CM case, Castella-Grossi-Lee-Skinner [16] in the residually reducible case, and
Venerucci [78] in the case of multiplicative reduction.

1.3. Iwasawa theory. Now suppose again that v¥(N7) is even, and assume as well that g is a prime of
ordinary reduction for f, with p split in K. While the Kolyvagin classes are constructed by varying the
conductor of CM points on X+ - over squarefree integers, one may instead p-adically interpolate CM
points of p-power conductor to obtain a class:

() Koo € H' (K, Ty ® A),

where A = O[Gal(K,/K)] is the anticyclotomic Iwasawa algebra, given Gal(K /K )-action by the tauto-
logical character. (Note that the specialization of Ko, at the trivial character is a multiple of ¢(1).) The
methods used to prove Theorem A also yield a result towards Perrin-Riou’s Heegner point main conjecture.
To state it, let Wy be the p-divisible Gg-module Vi /T5.

Theorem E (Corollary 7.3.2). Suppose that (Heeg), (unr), and Condition < hold for f,p, and K, that
v(N7) is even, and that p splits in K. Then there is a pseudo-isomorphism of A-modules:

Sel(Koo, W)Y =~ A M & M
for some torsion A-module M, and

chary <Se1(K, T @ A)

N ) = charp (M)

as ideals of A ® Q. If (sclr) holds, then the equality is true in A.
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For the definition of k., which is denoted k(1) in the text, see §5.2. The Selmer groups above are denoted
Selz: (Wy) and Sel, (Ty), respectively, in the text; the local conditions are given in (3.4.2) for the latter,
and defined by duality for the former.

Finally, we have the following result on the anticyclotomic main conjecture for f when v(N7) is odd.
Evaluating the quaternionic modular form ¢; on CM points of p-power conductor on the Shimura set
Xn+ n-, one constructs the algebraic p-adic L-function

(6) Ao €A,
denoted A(1) in the text. The square of Ao has an interpolation property for twisted L-values of f.

Theorem F (Corollary 7.3.3). Suppose that (Heeg), (unr), and Condition < hold for f,p, and K, that
v(N7) is odd, and that p splits in K. Then there is a pseudo-isomorphism of A-modules:

Sel(Koo, Wy)Y ~ M & M

for some torsion A-module M, and
(Aso) = charp (M)
as ideals of A ® Qp. If additionally (sclr) holds, then the equality is true in A.

One direction of this equality is due to Skinner-Urban’s work on the Iwasawa main conjecture [72]; indeed,
this is an essential ingredient in all of our results, as explained below.

1.4. Comparison to previous results. The hypotheses in Zhang’s proof of Kolyvagin’s conjecture were
carried over to Burungale, Castella, and Kim’s proof [8] of the lower bound on the Selmer group in the
Heegner point main conjecture, where it was also assumed that p is not anomalous. While the methods
used in this paper build on those of [8], Castella and Wan [17] have used a different method to prove a
three-variable main conjecture when v(N7) is even. Their result also requires some hypotheses on residual
ramification avoided here, and that N be squarefree. (Also see the references cited in §1.2 for several results
on the Heegner point main conjecture in other contexts.)

For upper bounds on the Selmer group in Theorem E and Theorem F, various technical assumptions on
the residual representation and on the image of the Galois action were used in prior works by Bertolini and
Darmon [3] and Howard [37, 38], and in Chida-Hsieh’s higher-weight generalization [19].

Since the results of this paper were first announced, Burungale, Castella, and Skinner [9] have also given
an independent proof of Theorem E when N~ =1 and p > 3 using base change.

1.5. Overview of the proofs. To prove Theorems A and D, we extend Kolyvagin’s construction to a larger
system of classes

(7) c(m, Q1) € H'(K, Ty/p"), A(m,Q2) € O/p™,

where M is a fixed integer, and m,@1,Q2 are squarefree products of auxiliary primes satisfying certain
congruence conditions, such that v(N~@Q1) is even and v(N~Q2) is odd. The classes (7) form a bipartite
Euler system in the sense of Howard [38] for each fixed m and a Kolyvagin system for each fixed Q. If
v(N ) itself is even, then the classes ¢(m, 1) = ¢(m) agree with Kolyvagin’s original construction. The Euler
system relations are of the form:

(8) 1OCq C(m7 Ql) ~ >\(m7 qu) ~ aq'c(m7 quql)7
where ¢, ¢’ are two additional auxiliary primes not dividing Q1; and
(9) locE ¢(m, Q1) ~ If e(mt, Qq),

where ¢ is an additional auxiliary prime not dividing m. Here locy, Jy, locf, 82: are certain localization
maps landing in subspaces of the local cohomology free of rank one over O/p™. The classes c¢(m, Q1) were
introduced by Zhang, although the A(m, @Q2) are only implicit in [84].

If ¢(m, Q1) # 0, then one can use (8) and (9) to find an auxiliary ¢ — either prime or equal to 1 —
such that 9,e(ml, Q1) # 0 for some ¢|Q1. By (8), this implies A(mf,Q1/q) # 0. On the other hand, if
A(m,Q2) # 0 and ¢|Q2, then by (8) ¢(m,Q2/q) # 0. Combining these two observations, we reduce the
non-vanishing of some class ¢(m, 1) or A(m, 1) — depending on the parity of v(N~) — to exhibiting a single
Q2 such that A(1,Q2) # 0.
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Now, if there exists a newform g of level NQ, with a congruence to f modulo ™, then A\(1,Q2) is
essentially the reduction of the algebraic part of the L-value L*#(g/K,1) modulo p*, which is related to
the length of the Selmer group of ¢ by the Iwasawa main conjecture [72]. To complete the proof, it therefore
suffices to choose a suitable ()2 and construct such a g with a small Selmer group. We remark that our
results can only be obtained by working modulo ™ for a large M, since in general it will not be possible to
choose g such that L*8(g/K,1) is a p-adic unit; in [84], M = 1 is fixed throughout, and the need to show
that the L-value is a unit is responsible for most of the additional hypotheses.

To construct g, we use deformation-theoretic techniques developed by Ramakrishna [60], and extended by
Fakhruddin-Khare-Patrikis [29]. Standard level-raising methods work by producing a modulo g eigenform
of the desired level, and then using that all modulo p eigenforms lift to characteristic zero, but this is not
the case modulo p™. Instead, we deform the representation Ty/p™ to a p-adic Galois representation with
suitable auxiliary ramification at primes ¢|Q2, and then apply modularity lifting to ensure the resulting
representation is modular. The auxiliary level ()2 must be chosen to control two Selmer groups: the adjoint
Selmer group governing the deformation problem, and the Selmer group Sel(K,W,) that is related to the
L-value. (Here, W, is the p-divisible Galois module constructed analogously to Wy = V;/T.)

We now make some remarks on the construction of the Euler system. The elements c¢(m, Q1) (resp.
A(m, Qz)) are constructed from CM points of conductor m on the Shimura curve Xy+ y-¢, (resp. Shimura
set Xn+ n-@,), associated to the indefinite quaternion algebra over Q with discriminant N~Q; (resp. the
definite quaternion algebra with discriminant N~Q2). Similar Euler system constructions have been made by
many authors, e.g. in [19, 3] as well as in [84], but all have relied on certain hypotheses ensuring an integral
multiplicity one property for the space of algebraic modular forms on X+ y-¢,, which we do not impose
here. Instead, we obtain a control on the failure of multiplicity one, using the work of Helm [35] on maps
between Jacobians of modular curves and Shimura curves. The construction of the Euler system is intimately
related to level-raising, and so our method also improves results on level-raising of f to algebraic eigenforms
modulo M new at multiple auxiliary primes, which had previously been restricted to the multiplicity one
case. A precise statement is given in Theorem 4.6.7.

The proof of Theorem E is similar to that of Theorem A: the p-adically interpolated Heegner class Koo
is viewed as the bottom layer of an Euler system {k(Q1), A(Q2)}. (The squarefree conductor m no longer
plays a role.) If g, as above, is a newform of level NQ2 with a congruence to f, then A(Q2) is congruent to
Bertolini and Darmon’s anticyclotomic p-adic L-function of ¢ [3]. Using this and an Euler system argument,
we reduce the lower bound on the Selmer group in the Heegner point main conjecture to the lower bound on
the Selmer group in the anticyclotomic main conjecture for g, which was proven in [72]. Finally, the upper
bound on the Selmer group in Theorems E and F follows by standard arguments from the construction of
the Euler system.

In the text, the arguments described above are phrased in the language of ultrapatching, which amounts
to a formalism for letting M tend to infinity; this also forces each prime factor of m, @1, @2 to tend to
infinity in order to satisfy the congruence conditions. (The number of prime factors of m, @1, and Q2
remains bounded.) This method was inspired by [68], where ultrapatching was applied to the Taylor-Wiles
construction. Our setting is different in that we patch Galois cohomology groups and Selmer groups rather
than geometric étale cohomology groups. The benefit of ultrapatching is that it allows us to consider the
Euler system classes as characteristic zero objects in patched Selmer groups, significantly streamlining the
Euler system arguments. For instance, with patching, we are able to make precise the heuristic that the
non-vanishing of each Euler system class ¢(m, Q1) or A(m, Q2) is equivalent to the (m, Q;)-transverse Selmer
group being rank one or zero, respectively, cf. Lemma 8.2.4.

Structure of the paper. In §2, we review basic properties of ultrafilters and introduce patched cohomology
and Selmer groups. In §3, we present a simplified version of the theory of bipartite Euler systems that
appeared in [38], using patched cohomology. In §4, we establish the geometric inputs that will be used to
construct bipartite Euler systems: the work of Helm on maps between modular curves and Shimura curves,
the modulo M level-raising result, and the behavior of Heegner points on Shimura curves under reduction
and specialization. In §5, we present a general framework for constructing bipartite Euler systems out of
CM points, which we then specialize for our applications. In §6, we give the deformation-theoretic input to
construct the newform ¢ (in fact a sequence g,, satisfying increasingly deep congruence conditions). We then
prove Theorems E and F in §7. Theorems A and D are proven in §8. Finally, in the appendix we generalize
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some results on degrees of modular parametrizations, proved in special cases by Ribet-Takahashi [65] and
Khare [41, §3.2]. These results are needed to compare different normalizations of periods in §8.

1.6. Notational conventions.

e If N is a squarefree positive integer, then v(IN) denotes its number of prime factors.

e If L is an algebraic extension of Q, we write G = Gal(L/L) for its absolute Galois group.

o If L is a number field, we write Az (resp. Ay ) for its ring of adeles (resp. finite adeles). If v is
a place of L, then we write G, for the absolute Galois group of the completion L,, and I, C G,
for the inertia subgroup if v is nonarchimedean. We write Oy, for the ring of integers of L and Oy,
(resp. Ofp, () for the completion (resp. localization) at a prime ideal p C Or. If ¥ is a finite set
of places of L, then L* denotes the largest algebraic extension of L unramified outside ¥. If ¥ is a
finite set of places of Q and X, is the set of places of L lying over places in X, then we abbreviate
L*¥ = L%,

e The symbol Frob, always denotes an arithmetic Frobenius element.

e If L is a number field and A is a Gp-module, then L(A) is the smallest algebraic extension of L such
that G (4) acts trivially on A.

e We fix, for each place v of Q, an embedding Q < Q,, which induces an embedding Gg, < Gg.

e For most of the paper, we will fix a quadratic imaginary field K ¢ Q C C. In this case we also
fix embeddings K — K, for all places w of K, which induce embeddings Gk, — Gr. If w is
induced by a place v of Q and the embedding K € Q < Q, chosen above, then we make these
choices compatibly with the ones for Q, so that Gk, is a subgroup of Gg,. Finally, we write
Xk : Gg — {£1} for the quadratic character attached to K.

e The p-adic cyclotomic character is denoted x : Gg — Z,, .

e Starting in §3, we shall fix a cuspidal eigenform f of weight 2 and trivial character, new of level
N, and without complex multiplication. For all primes ¢, let a;(f) be the ¢th coefficient of the
normalized g-expansion of f, and let e; = £1 be the global root number. We denote by O; C C the
ring of integers of the number field generated over Q by the Fourier coefficients ay(f). We denote by
p a prime of Oy lying over an odd prime p; except in §6, we also assume p{ N. We write O for the
completion of Of at p, and let E = Frac(O). We let 7 € O be a uniformizer.

e For f as above, we denote by V; the gp-adic Galois representation associated to f, defined in the
beginning of this introduction. Fix a Gg-stable O-lattice Ty C V;. We will always assume that
Ty == Ty /7 is absolutely irreducible, in which case Ty is determined up to rescaling. We also write
W =T ®o E/O Vf/Tf.

Acknowledgments. I am grateful to Mark Kisin for suggesting this problem and for his ongoing encourage-
ment. Special thanks are additionally due to Francesc Castella, who first alerted me to the relation between
Kolyvagin’s conjecture and the Heegner point main conjecture. It is also a pleasure to thank many other
people with whom I had helpful conversations and correspondence over the course of this project: Olivier
Fouquet, Aaron Landesman, Alice Lin, Sam Marks, Alexander Petrov, Robert Pollack, Christopher Skinner,
Alexander Smith, Florian Sprung, Matteo Tamiozzo, Xin Wan, and Calvin Yost-Wolff. Finally, I wish to
thank the anonymous referees for their careful reading and many valuable suggestions which have led to
many improvements in the exposition. This work was supported by NSF Grant #DGE1745303.

2. ULTRAFILTERS AND PATCHING

2.1. Ultraproducts. The following discussion is inspired by the unpublished notes of Manning [49, §I.1].

2.1.1. A (non-principal) ultrafilter § for the natural numbers N = {0,1,...} is a collection of subsets of N
satisfying the following properties:

(1) Every set S € § is infinite.

(2) For every S C N, either S€ For N— S € 5.
(3) IfS;CcSyCcNand S € 5, then S5 € §.

(4) If Sl,SQ S S, then S1 NSy € §.
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Throughout this paper, we fix once and for all a non-principal ultrafilter § on N, which is possible assuming
the axiom of choice. We will say that a statement P holds for §-many n € N if the set S of n for which P
holds lies in §.

Proposition 2.1.2. Suppose that C is a finite set and S C N lies in §. Then for any functiont : S — C,
there is a unique ¢ € C such that t(n) = ¢ for F-many n.

Proof. The function t defines a finite partition of N:

N=(N-8)u| |t (.
ceC
An easy induction argument shows that, for any partition of N into a finite number of sets, exactly one of
the sets lies in §. Since N — S ¢ §, the result follows. O

2.1.3. If M = {My,}, .y is a sequence of sets indexed by N, then § defines an equivalence relation ~ on
11 M,:
(Mn)nen ~ (M)neny = {n : m, =m,} €3.

The quotient [[ M,,/ ~ is called the ultraproduct of the sequence M and is denoted U(M). The ultra-
product is functorial: let M’ = {M/,} be another sequence of sets and suppose given, for §-many n, maps
©n : M, — M. Then there is a natural map ¢ : U(M) — U(M'). In particular, if each M,, is endowed
with the structure of an abelian group (resp. R-module for a fixed ring R), then U (M) is naturally an
abelian group (resp. R-module).

Proposition 2.1.4. (1) Let M = { My}, oy and M' = {M,} .\ be sequences of nonempty sets, and
suppose given maps gy : M, — M), for F-many n. If @, is injective (resp. surjective, bijective) for
T-many n, then M is injective (resp. surjective, bijective).

(2) Let M be a finite set and suppose M = {M}, _ is the constant sequence. Then the diagonal map
M — U(M) is an isomorphism.

(3) Suppose M = { My}, cn, where each M, is a nonempty finite set such that #M, < C for §-many n
and some constant C' > 0. Then U(M) is finite and #U(M) = #M,, for F-many n.

Proof. (1) Suppose ¢y, is injective for §F-many n and let m,m’ € U(M) be the equivalence classes of
sequences (my)neny and (M) )nen. If @Y (m) = M (m/), then for F-many n, ¢,(m,) = @,(m).
Hence for §-many n, m,, = m!/,, so m = m’ in U(M). Therefore @ is injective.

Now suppose ¢, is surjective for F-many n, and let m’ € U(M'’) be an element represented by

(m!)nen. We will show that m’ lies in the image of ¢¥. Let S € § be such that ¢, is surjective for
n € S. Define a new sequence (my,)nen by choosing m,, € M,, arbitrarily for n ¢ S, and choosing
my, € M, such that ¢, (m,) =m], for n € S. Then the equivalence class m of this sequence satisfies
@M (m) = m'. Hence, @ is surjective.

(2) The diagonal map is clearly injective, and it is surjective by Proposition 2.1.2.

(3) By Proposition 2.1.2, there exists some ¢ < C such that #M, = c¢ for Fmany n. Let [¢] =
{0,...,¢— 1} and choose isomorphisms of sets

©n M, = [d]

for F-many n. By (1), ¢“ induces an isomorphism from U/(M) to the ultraproduct C of the constant
sequence {[c]}, . However, C is canonically isomorphic to [c] by (2).
O

Proposition 2.1.5. Let S be the category of sequences of abelian groups indexed by N. Then U is exact as
a functor from S to the category of abelian groups.

Proof. Let A= (An)nen, B = (Bpn)nen, and C = (Cy,)nen be three sequences of abelian groups, and suppose
given exact sequences

0> A, 25 B, 2% C, =0
for all n € N. We wish to show that

0= UA) LS uB) S ue) —o
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is exact. By Proposition 2.1.4(1), it suffices to show that the kernel of ¥ is the image of Y. Suppose
(by)nen Tepresents an element b € kery!. Then, by definition, v, (b,) = 0 for F-many n, so for F-many
n there exists a, € A, with ¢,(a,) = b,. Hence, there exists a sequence (a,)nen representing an element
a € U(A) with ¢“(a) = b. We have shown that ker ¥/ C im ¢". Since the opposite inclusion is clear, this
completes the proof. O

2.2. Ultraprimes.

2.2.1. Fix a number field L with algebraic closure L and let M; be its set of places. For each s € My, we
assume fixed an embedding L — Lg, which identifies G, with a subgroup of G 1.} If My, is the constant
sequence of sets {M[ } then we define the set of ultraprimes of L as

M =U(ML).
By definition, an ultraprime s € My, is an equivalence class of sequences (s, )nen, where each s, is a place of
L.
The map s — (s,s,...) induces an embedding M, < M, written s — s, and we say an ultraprime is
constant if it lies in the image of this embedding.

We will say s € My, is archimedean if it is a constant ultraprime s = s for an archimedean place s of L; s
is non-archimedean otherwise.

neN?

Proposition 2.2.2. Let s be a non-constant ultraprime. Then there exists a unique Frobenius element
Frobs € G with the following property: for each finite Galois extension L C E C L, and for any repre-
sentative (Sp)nen Of s, there are F-many n such that s, is unramified in E/L and the Frobenius of s, in
Gal(E/L) is the natural image of Frobs.

Proof. Let (sn)nen be a representative of s, and fix for the time being a finite Galois extension E/L inside
L. If s, is archimedean or ramified in E for §-many n, then Proposition 2.1.2 implies that s is constant.
Thus for §-many n, the Frobenius of s, is a well-defined element of Gal(E/L) (determined exactly, and
not only up to conjugacy, by the fixed embeddings E < L < L, ). By Proposition 2.1.2, the map
n +— Frobs, € Gal(E/L) sends §-many n to a (unique) common value gp € Gal(E/L). Note that gg does
not depend on the representative (s, )nen. By the uniqueness of gg, the association E — gg is compatible
with restriction to subextensions E’ C F, hence defines an element of the absolute Galois group. (]

2.2.3. Let s be an ultraprime. We define its abstract Galois group Gs as Gy, if s = s is constant, and as the
semi-direct product

Z(1) x (Froby)
otherwise. Here, (Frobs) denotes the free profinite group on one generator, where the generator acts on Z(l)
by Frobs € G1. We define the inertia group Is C Gs of s to be the usual inertia group if s is constant, and
the normal subgroup i(l) C G5 otherwise.

2.3. Local cohomology.

2.3.1. For any (topological) G-module A and for any s € My, there is a natural action of G5 on A (factoring
through the quotient Gg — (Frobs) if s is nonconstant). We define local cohomology groups by:

Hi(LaA) = Hi(GS,A),

Hi(I;, A) == H'(I;, A), i>0,
where on the right-hand side we take continuous cochain cohomology. (In particular, for all s € My,
Hi(Ls, A) = H'(Ls, A).)

Proposition 2.3.2. Let s € My be an ultraprime represented by a sequence (sp)nen. If A is a finite,
discrete G-module, then for F-many n there are canonical isomorphisms (functorial in A, compatible with
cup products, and compatible with the natural restriction maps):

H'(L,,,A) ~ H'(Ls, A),

Spy

H'(I,, ,A) ~ H(I;, A), i>0.

Sp

IWe will usually apply this formalism with L = Q or L = K, in which case the choices of embeddings L < L are fixed
according to the conventions of §1.6.
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In particular, we have canonical isomorphisms
u ({Hi(Lsn,A)}neN> ~ Hi(Ls, A), U ({Hi(Isn,A)}neN> ~ Hi(I,, A), Vi>D0.

Proof. The second set of isomorphisms follows from the first by Proposition 2.1.4(1,2), so we prove the
first set of isomorphisms. If s is the constant ultraprime s, then s, = s for F-many n, and the desired
isomorphisms are clear; so suppose s is nonconstant. For §-many n, the action of the decomposition group
G,, at s, on A is unramified and the Frobenius of s, acts by Frobs. Let £,, be the prime of Q lying under
$p; since L/Q is a finite extension and A is finite, for F-many n we have £, 1 |A|. Restricting to these n, the
inflation map induces isomorphisms:

HY(G ,A)~ H'(L,,,A), H(I!  A)~ H'(I,, A),

where G% and I’ denote the tame quotients and we again take continuous cochain cohomology. The tame
Galois group Gin is identified with the semi-direct product:

It % (Froby, ) ~ Z*")(1) x (Frob,,).

S
In particular, both G’; and G5 have cohomological dimension two; and both I;fn and Is have cohomological
dimension one. So it suffices to prove the first isomorphism of the proposition when ¢ < 2 and the second
when i < 1. Now note that, on any finite quotient of Z(1), the actions of Frob,  and Frobs agree for §-many

n. The proposition therefore follows from the following easy lemma in group cohomology (applied to both
G% and Gs). O

Lemma 2.3.3. Let G =1 x (F) be a group, where I is abelian and profinite of cohomological dimension at
most one, and (F') denotes the free profinite group on one generator, acting on I by an automorphism. If A
is a finite Z|F]-module, viewed as a G-module via G — (F'), then there are canonical isomorphisms for the
continuous cochain cohomology:

H(I,A) = H'(I/|A|, A), i=0,1,
HY(G,A) = H(I]|A| x (F), A), i=0,1,
H*(G,A) = H'((F), Hom(I/|A], A)),

Proof. The only identities that are not immediate are for H*(G, A), with i = 1,2. For i = 1, we claim that
the inflation map induces an isomorphism
HY(I/|A[ % (F), A) = H'(G, A).

Equivalently, if H := |A|I C G, we wish to show that the restriction map H'(G, A) — H'(H, A) is trivial.
Indeed, the restriction map factors through H*(I, A) — H'(H, A), which is the zero map since I acts trivially
on A.

For ¢ = 2, the Hochschild-Serre spectral sequence gives a canonical isomorphism

H*(G, A) = H'((F), H' (I, A)) = H'((F),Hom(I/|A], A)),

since both (F) and I have cohomological dimension at most 1.

O
2.4. Patched cohomology.
2.4.1. Let S € My, be a finite set of ultraprimes {5(1)75(2)7 e ,S(T)}. A representative of S is a sequence
(Sn)nen, with S, € My, such that S, = {5511), . ,553)} for some sequences (sﬁf))neN representing s(). If

L = Q and S contains no archimedean ultraprimes, we will also refer to S being represented by the sequence
of squarefree integers Henesn 0,2 If Ais a Gp-module, we say A is unramified outside S ¢ My, if it is
unramified outside S N M7,.

2To make sense of this, we view S, as a set, not a multiset. The distinction is unimportant since the ssf) will be distinct
for F-many n.
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Definition 2.4.2. Let A be a finite Gy-module unramified outside a finite set S C My, represented by a
sequence (Sy)nen with S, C M. Then we define the ith unramified-outside-S patched cohomology, for all
i >0, by:

HY(L%/L, A) =U ({HZ’(LS"/L, A)}neN) :
Remark 2.4.3. When i = 0, the patched cohomology H°(LS, A) is canonically isomorphic to H°(L, A).

Proposition 2.4.4. Let A be a finite G -module unramified outside a finite set S C My. Then:
(1) The patched cohomology H'(L>/L, A) is independent of the choice of representative (Sp)nen of S.
(2) The maps A~ H(LS/L, A) are functorial in A.
(3) Given a finite set S' C My containing S, there is a natural map H'(LS/L, A) — HI(LS' /L, A),
compatible with the functoriality of (2).

Proof. Given two sequences (Sp)nen and (T, )nen C My, representing S, we have S,, = T,, for F-many n; for
these n we have
HY(L%"/L,A) = H (L™ /L, A).

Hence Proposition 2.1.4(1) shows that U <{Hi(LS"/L,A)}n€N) and U <{Hi(LT"/L,A)}n€N> are canoni-
cally isomorphic. This shows (1); (2) and (3) are immediate from the functoriality of the ultraproduct. O

Lemma 2.4.5. Let A be a finite G-module unramified outside a finite set S C My. Then H'(LS/L, A) is
finite for alli > 0.

Proof. By Proposition 2.1.4(3), it suffices to show that the cardinality of H*(L°/L, A) remains bounded as
S ranges over finite sets of My, of cardinality |S| such that A is unramified outside S. This is clear when
i =0, and the case i > 3 is handled by [52, Chapter 1, Theorem 4.10(c)]. For i =1 and 2, let Sy be the set
of primes at which A is ramified, or with residue characteristic dividing |A|. Now the map

HY(LS/L,A) = [ H'(L.,A)
veSUSy
has kernel contained in IITg (A), which is finite by part (a) of loc. cit. Moreover S is finite and H'(L,, A)

is finite for all v € Sy. For v € S\ Sy, we have |H*(L,, A)| < |A|? by the local Euler characteristic formula
and local Poitou-Tate duality; hence

|H'(LS/L, A)| < [T, (A)] - [] [H' (Lo, A)] - |APPF,
vESH

which gives the desired uniform bound. O

2.4.6. Suppose A is a topological G -module unramified outside a finite set S C My. If A is profinite, then
its unramified-outside-S patched cohomology is defined as:
H(L*/L, A) = lim H'(L>/L,A’)
A»A'

where the inverse limit runs over finite quotients and the transition maps are induced by Proposition 2.4.4(2).
Similarly, if A is ind-finite, then its unramified-outside-S patched cohomology is defined as

HY(L®/L, A) = lim H'(L>/L, A"),
A'CA
where the direct limit runs over finite submodules. If A is finite, then both these definitions recover Definition
2.4.2. If A is either profinite or ind-finite, then the totally patched cohomology is defined as

HY(L,A) = lim HYLT/L,A),
(L, A) -y (L'/L,A)
where the direct limit is over finite subsets such that A is unramified outside S and the transition maps are
induced by Proposition 2.4.4(3).
By construction, the maps A — H*(L%/L, A) and A — H*(L, A) are functorial in topological G'z-modules
which are either profinite or ind-finite.
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Definition 2.4.7. A profinite topological Gy-module A is said to be countably profinite if it admits only
countably many finite quotients, or equivalently, if it admits a presentation as a countable inverse limit of
finite discrete G'r-modules.

Lemma 2.4.8. Suppose A is countably profinite. Then for alli > 0, the natural map induces an isomorphism
H'(Ls, A) =~ lim H'(Ls, A")
A—-A'

where the inverse limit runs over finite quotients of A. Similarly, if A is ind-finite, then for all i > 0, the
natural map induces an isomorphism

H(Ls, A) ~ lim H'(Ls, A")
A'cA
where the direct limit runs over finite sub-G-modules of A.

Proof. In the countably profinite case, this follows from [56, Corollary 2.7.6] applied to Gs. In the ind-finite
case, it is clear by the exactness of direct limits. ([

2.4.9. Suppose A is a topological G-module which is ind-finite or countably profinite, and unramified outside
a finite set S C My; let s € My be any ultraprime. Using Lemma 2.4.8, we can define localization maps

Res? : H{(LS/L, A) — H'(L,, A)
Ress : H'(L, A) — H'(Ls, A)
as follows.
o If A is finite, define Res;c’ as the composite

H(LS /L A) = U ({5 /L, A)) ) = U ({H (L, AV}, ) = HI(Ls, A),

where (s,)nen and (S, )nen are sequences representing s and S and the last isomorphism is by
Proposition 2.3.2.
e If A is countably profinite, define Resf as the composite

. . S . .
H(L*/L, A) = lim H'(L>/L,A’) Res, lim H'(Ls, A’) ~ H'(Ls, A),
A»A' A—»A'

where the inverse limit runs over finite quotients of A and the last isomorphism is by Lemma 2.4.8.
e If A is ind-finite, similarly define Res® as the composite

. . ess . .
H(L>/L, A) = lim H'(L®/L, A") Res, lim H(Ls, A) ~ H'(Ls, A),
A'cA A'CA

where the direct limit runs over finite submodules of A.
e Suppose S’ O S is a finite subset of My. By construction Resg’ coincides with the composite

HY(L%/L, A) — H!(L®' /L, A) — H(Ls, A);
hence we obtain a well-defined map
Res, : H'(L, A) — H'(Ls, A).

We now observe that patched cohomology recovers the usual Galois cohomology when S contains only
constant ultraprimes.

Proposition 2.4.10. Suppose A is a countably profinite or ind-finite topological G -module unramified
outside a finite set S C My ; let S C My, be the corresponding set of constant ultraprimes. Then:

(1) H'(LS/L, A) is canonically isomorphic to H'(L° /L, A).
(2) If s € My, is any place and s = s is the corresponding constant ultraprime, then the restriction map

Ress : HY(LS/L, A) — H'(Ls, A) = H'(L,, A)

coincides with the usual one under the identification of (1).
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Proof. Tf A is finite, (1) is immediate from the definition and Proposition 2.1.4(2); the general case of (1)
follows by taking limits, using [56, Corollary 2.7.6] in the countably profinite case. (The finiteness condition
there is satisfied by Lemma 2.4.5.) Given (1), (2) is clear from the definition.

O

Proposition 2.4.11. If A is either countably profinite or ind-finite and unramified outside S, then the
natural map H' (L% /L, A) — HY(L, A) identifies H'(L>/L, A) with the kernel of the composition
HU(L,A) 2= [ HY(Ls A) = HY(L, A).
seMp—S
Proof. Tt suffices to show that, for all finite sets T C My, — S,

HY(L%/L, A) ~ ker (Hl(LSUT,A) — [TH (L, A)) .
se€T
This holds when A is finite by Propositions 2.1.5 and 2.3.2; the general case follows by taking limits. |

Lemma 2.4.12. Let
0>A—B—-C—0

be an exact sequence of either countably profinite or ind-finite G ,-modules unramified outside S. Then there
is an induced long exact sequence beginning:
0 — HO(LS/L, A) — H*(L%/L, B) — H*(L%/L,C) —
— HY(L%/L,A) — HY(LS/L,B) — - --
Proof. If A, B, and C are all finite, then this follows from Proposition 2.1.5.

Now suppose that A, B, and C are all countably profinite. Let I, J, and K be directed sets indexing the
finite quotients A - A;, B — B;, and C' — Cy, respectively. Note that I, J, and K are countable. We
define morphisms of directed sets ¢t : J — I and s: J — K by

At(j) = 1m(A — Bj)a Os(j) = Bj/At(j).
Because the subgroup and quotient topologies on A and C' agree with the profinite topologies, the images of
t and s are cofinal in I and K, respectively. We therefore have:
H*(L>/L, A) = im H*(L®/L, Ayj)), H*(L*/L,C) =limH*(L®/L,Cy(;)).

JjeJ jEJ
For each j, the finite case of the lemma yields a long exact sequence in patched cohomology associated to
the short exact sequence of finite G'z-modules

0— At(j) — Bj — Cs(j) — 0;

by Lemma 2.4.5, each term in the long exact sequence is finite. Since countable inverse limits of finite abelian
groups are exact, taking limits completes the proof. The ind-finite case is analogous. O

2.5. Selmer structures and patched Selmer groups.

2.5.1. For any topological G-module A and any ultraprime s € My, define
Hie(Ls, A) == ker (H'(Ls, A) — H'(I5, 4)) .

Definition 2.5.2. Let A be a countably profinite or ind-finite Z,[Gr]-module. A (generalized) Selmer
structure (F,S) for A consists of:

e a finite set S C My, containing all constant ultraprimes s = s with s lying over p or oo, such that A
is unramified outside S;
o for each s € My, a closed Z,-submodule (the local condition)

HL(Ls, A) C HY(L, A)
such that HL-(Ls, A) = HL  (Ls, A) for all s & S.
If A is an R-module for some ring R and G, acts on A by R-module automorphisms, then the patched local

and global cohomology groups inherit an R-module structure; a Selmer structure for A over R is a Selmer
structure such that every local condition is an R-submodule.
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2.5.3. If B C A is any closed Galois-stable submodule, then a Selmer structure (F,S) for A induces Selmer
structures on B and A/B defined in the usual way:

H'(Ls, A)
! = 1 s )
H>(Ls, B) = ker <H (Ls, B) — H;(LS’A))

H%(Ls, A/B) = im (H%(Ls, A) — H'(Ls, A/B)) .

Note that these Selmer structures are well-defined because, if s € S, then the unramified local condition for
A at s induces the unramified local condition for B and A/B; the proof is the same as for [50, Lemma 1.1.9].

2.5.4. To a generalized Selmer structure we associate the patched Selmer group, defined by the exact
sequence:

(Ls, A)
S S)
(10) 0 — Selz(A) — HY(L%/L, A) — ||H1 A

By Proposition 2.4.11, Sel=(A) does not depend on S but only on the local conditions, so we sometimes omit
S from the notation. By Proposition 2.4.10, if S consists only of constant ultraprimes, then this definition
recovers the usual notion of Selmer groups.

2.5.5. If B C A is Galois-stable, and B, A/B are equipped with the induced Selmer structures, then by
definition there are natural maps:

Sel}‘(B) — Sel}-(A) — Sel}-(A/B)

Proposition 2.5.6. Let (F,S) be a generalized Selmer structure for A. If A is countably profinite and each
continuous finite quotient A — A’ is equipped with the Selmer structure induced by F, then:

lim Selz(A") ~ Selz(A).
«—
If instead A is ind-finite and each finite submodule A" C A is given its induced Selmer structure, then:
. N o~
h_H)lSGl]-‘(A ) =~ Sel=(A).

Proof. We show the countably profinite case; the ind-finite case is similar. By definition, Selz(A) is the
kernel of

HY (L, A)
lim H! (LS /L, A') — 7,
N ey

whereas

Y(Ls, A)
. AN T S / Sy
h£18e1;(A)_h£1ker< (L3/L, A") g (Lo A7) )

_ S (L57 A/)
Since H%(Ls, A) is a closed subgroup of H!(Ls, A), it is isomorph1c to the inverse limit:
HL(Ls, A) = lim im (Hx(Ls, A) = H' (Ls, A")) = lim HL (L, A").
This implies the result. 0

Remark 2.5.7. The following remark will be needed in §3.3. Suppose L/Q is Galois, and let A be a
countably profinite or ind-finite topological G1-module unramified outside a finite set S C My. For an
element v € G, consider the twist A, of A, where the G, action is precomposed with the conjugation map

Pry-1 GL — GL.

If s — s denotes the natural action of Gg on My, (factoring through Gal(L/Q)), then there are canonical
isomorphisms

(11) HY(L%/L, A) = H(L>" /L, A,),
(12) H'(Ls, A) = H'(Lgv, A), Vs € Mp.
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Indeed, when A is finite, these are induced functorially from the map induced by ¢,-1 : Gf — G, on usual
Galois cohomology, using Proposition 2.3.2 in the local case; in general, they are induced by taking limits,
applying Lemma 2.4.8 in the local case. In particular, a generalized Selmer structure (F,S) for A induces a
generalized Selmer structure (F7,S7) for A, by setting H% (Ls, A,) to be the image of H%(L_,-1, A) under
(12) for all s € M. Note that (11) then induces a canonical isomorphism

(13) Selr(A) = Selz+ (A,).

2.6. Selmer groups and duality over discrete valuation rings.

2.6.1. Let O be a discrete valuation ring, with uniformizer 7, which is a finite flat extension of Z,; write
E = O[1/~]. For this section we allow p = 2.

Proposition 2.6.2. Lets € My be any ultraprime and let R = O, O/n7, or E/O. Then there is a canonical
isomorphism

R, s non-archimedean,
H?(Ls, R(1)) 2 { R[2], s=s, s archimedean, Ly = R;
0, s = s, s archimedean, Ly = C.

Proof. For R = O/n7, this follows from Proposition 2.3.2. The cases R = O and R = E/O follow from the
case O/mJ by Lemma 2.4.8. O

2.6.3. For a topological O[G]-module A, let

A* = Homp (A, E/O(1))
be the Cartier dual. By Proposition 2.6.2, the cup product induces a pairing
(14) (s : Hi(Lg, A) x H* (L, A*) = E/O, i=0,1,2,
for all s € My..

Proposition 2.6.4. Suppose A is a countably profinite O[Gr]-module unramified outside a finite set S
containing all s = s with s|pocc. Then:

(1) The pairing (-,-)s is perfect if s € My, is non-archimedean, or if i = 1.

(2) Ifs € My, is not equal to s for a prime s|p, then HL_ (Ls, A) and H},,
under (-, -)s.

(8) Fori=0,1,2, the induced pairing

(Ls, A*) are exact annihilators

Yees(, s : HI(LS/L, A) x H*~Y(L°/L, A*) — E/O
1s identically zero.
Proof. Let d be the valuation of the different of E/Q,, i.e.
(€ E: tr(zO)CZ,y =70,
and let tr’ : E/O — Q,/Z, be the composite

EJO ™% Birmto B Q,/z,.

If we set A’ := Homg, (A, Qp/Z,(1)), then the map ¢ — tr’ op defines an isomorphism A* = A’. This
isomorphism fits into a commutative diagram

Hi(Ls, A) x H2~#(Ls, A*) —224 E/O

: b

H'(Ls, A) x H**(L,, A") <*>S> Qp/Zy
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for ¢ = 0,1,2. Tt is then not difficult to check that each of (1), (2), (3) follows from its analog for A’. So
without loss of generality we may suppose O = Z,. We may also assume without loss of generality that A
is finite, since the general case of each statement follows by taking limits using Lemma 2.4.8. Then (1) and
(2) follow from Proposition 2.3.2 and the usual local Tate duality. For (3), S is represented by a sequence
(Sn)nen such that A is unramified outside S,, and each S,, contains all s|poco. Since A is finite, the pairing
map Yses (-, )s is the ultraproduct of the maps

Senes, (s s, t H (L L, A) x H*H(LS" [L, A%) = Qp/Zyp,
which are all identically zero by global Tate duality. O

2.6.5. Suppose A is an O[Gr]-module such that either A or A* is countably profinite. If (F,S) is a generalized
Selmer structure for A over O, then we define the dual Selmer structure (F*,S) for A* by:

HL. (L, A*) = HL(L,, A)*.

Here L denotes the orthogonal complement under the pairing of (14); the local conditions outside S are
unramified by Proposition 2.6.4(2). Moreover, the proof of that proposition shows that the dual local
conditions do not change if we instead view A as a Z,[GL] module. We observe that the dual Selmer
structure to (F*,S) is again (F,S). When A is finite, the dual Selmer groups are related by the Greenberg-
Wiles formula:

Proposition 2.6.6. Let A be a finite O[GL]-module, and let (F,S) be a Selmer structure for A over O. We

have:
4Selr(4)  #HU(LS/L,A) 17 #HA(Ls, A)
#Sel- (A7) ~ #0140 L '

Proof. Suppose s € S is represented by the sequence (s,)nen. Then Proposition 2.3.2 implies that, for
$-many n, we have isomorphisms
HY(L,,,A) = H(L, A)
and
H' (L, , A*) = H(Lg, A¥)
for i = 0,1, 2, compatible with the duality of Proposition 2.6.4(1). Let H} (Ls,,A) C H'(Ls,, A) be the im-
age of Hj-(Ls, A) under the first isomorphism; then its orthogonal complement Hz. (Ls, , A*) C H'(Ls, , A*)

is the image of HX. (Ls, A*). This defines dual Selmer structures (F,, S,) and (F, S,) on A for F-many n,
where (S,,)nen represents S. By Propositions 2.1.5 and 2.3.2,

Selz(A) = U ({Selx, (A)},cy)» Selr-(A*) = ({Selp A*)}neN),
so by [25, Theorem 2.19], Proposition 2.1.4(3), and (the proof of) Lemma 2.4.5, we have

#Selr(A)  #HO(L,A) #HL (L, A)
#Selr-(A%)  #HO(L, A*) H #HO (L, , A)

for §-many n; since
#HF, (Ls,, A) = #Hz(Ls, A)
for F-many n by definition, and likewise for H?, this implies the proposition. O

2.6.7. Given two Selmer structures (F,S) and (G, T) for A, we may define Selmer structures (F +G,SUT)
and (FNG,SUT) by the local conditions:

Hy g(Ls, A) = H(Ls, A) + H§ (Ls, A),
Hing(Ls, A) = Hix(Ls, A) N HE (L, A).

Corollary 2.6.8. Let A be an O[GL]-module such that either A or A* is countably profinite, and let (F,S)
and (G, T) be generalized Selmer structures for A over O. Then

Selrg(A) c Hiﬁrg(l’s’ 4)

Sel}-mg (A) sESUT H}_—mg(Ls, A)
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and
Selr g+ (A") c Hi g+ (Ls, A*)
Selzxngr (A*) sCSUT H}:*ﬁg* (LS, A*)
are exact annihilators under the perfect pairing
HL - (Ls, A) .G ,A
ZseSUT<'7'>s3 H}-WTSA H H]: +6 > A )) — E/O
seSUT  FNGLTs seSuUT Feng-(

induced by (14).

Proof. By Proposition 2.5.6 and Lemma 2.4.8, we may assume without loss of generality that A is finite.
Proposition 2.6.4(3) implies that the spaces

Selryg(A) Selr+ig-(A¥)
Selrng (A) ’ Selr«ng= (A*)

annihilate each other under X¢esyt(:, +)s, so it suffices to show

# Selrig(A) #Self*+g H #Hf+g 4)
#Selrng(A)  # Selr-ng-( CsUT #HEAg( A)

By Proposition 2.6.6, the left-hand side of (15) is

T #HE g(Ls, A) #HE. g (Ls, A7)
#HO(L, A) ZHO(L,, A*)

(15)

seSUT

or equivalently
11 #Hr g(Ls, A) #H'(Ls, A)
#HO(Lg, A) #H]_-mg(Ls,A)#HO(LS7A*)

seSUT
because Hg(Ls, A) is the exact annihilator of H}:*+g*(LS,A*) under (-, -)s. So it suffices to show

H'(Ls, 4)
1 #HO Ls,A #HO(Ls, A*)

seSUT

(16) =1.

Now note that, by the local Euler characteristic formula, Proposition 2.6.4(1), and Proposition 2.3.2,
#H (Ls, A) #H' (Ls, A)

#HO(L, A)#HO(Ly, A*) ~ #HO(L,, A)#H2(Ls, A)

unless s = s, where s|oo or s|p; moreover we have

o, #HO(Ls, A)#HO(Ls, A*) #Hl(Ls,A)
5‘;’ s|oo
This shows (16) and completes the proof. O

2.6.9. Now suppose that A = T is a topological O[G1] module, unramified outside a finite set S C My, which
is free of finite rank over O. In particular, T is countably profinite. Suppose S C My, is a finite set containing
all archimedean places and all places over p, such that T is unramified outside S. If TT = Homo (T, O(1)) is
the dual, then the cup product induces a local Tate pairing

(17) (-,)s : HY(Ls, T) x HY(Ls, TT) — O.
Proposition 2.6.10. The kernels on the left and right of (17) are the O-torsion submodules; moreover, the
induced pairing
HY(LS/L,T) x HY(LS/L, T1) — [ H'(Ls, T) x H'(Ls, T1) =225 0
seS

is identically zero.



18 NAOMI SWEETING

Proof. For each s, we have the short exact sequence
0 — HY(Ls, T) /7 — HY(Ls, T/77) — H*(Ls,T)[7?] — 0
arising from the long exact sequence in Gs-cohomology associated to 0 — T — T — T'/m — 0. Hence

0 — lim Home (H*(Ls, T)[77],0/77) — @Homo(Hl(Ls,T/wﬂ'), O/77) — Home (H' (L, T), 0) — 0
J J

is exact. By Proposition 2.6.4(1) and Lemma 2.4.8, this is canonically identified with an exact sequence

(18) 0 — lim H°(Ls, %) /77 — HY(L,, TT) — Home (H'(Ls, T), O) — 0,
J

where the third arrow is induced by (17). The first term in (18) is clearly m-power-torsion, while the last
term is torsion-free, and so we can identify Liinj HO(Ls, T*)/m? with HY(Ls, TT)[x>°]. This proves the first

claim, and the second follows from Proposition 2.6.4(3) using the commutativity of the diagram

HY (L, T) x HY(Ls, TT) ———— O

! J

HY(Ls, T/77) x HY(Ls, Tt /7)) —— O/77
foralls € S and all j > 1. O

2.6.11. Given a Selmer structure (F,S) for T over O, taking the orthogonal complement of each local
condition under (17) yields a Selmer structure (FT,S) for T'.

Definition 2.6.12. A closed O-submodule H)-(Ls,T) C H'(Ls, T) is said to be saturated if the quotient
HY(Ls, T)/HLY(Ls, T) is m-torsion free. A Selmer structure (F,S) for T over O is saturated if each local
condition H%:-(Ls, T') is saturated.

Note that, if T' is unramified outside S C My, then H} (L, T) is saturated for all s ¢ S because H!(Is, T')
is m-torsion-free.

Proposition 2.6.13. If H:-(Ls,T) is saturated, then for all j > 1, we have
Hi. (Ls, T*[7]) = Ry (L, T /77)

under the natural identification T*[m9] ~ T /x9. In particular, if (F,S) is a saturated Selmer structure for
T, then

Selz (T*[79]) = Selz+ (T /77).
Proof. For ease of notation, we abbreviate H/(TT) = H(Ls,TT), etc. We have an identification T ®0

(E/O) ~ T* and an embedding 77 /77 < T*; let H-.(TT/n7) be the induced local condition from this
embedding. Consider the following commutative diagram with exact rows:

0 — HY(T"), ary — HL(TT) —— Homo (:fm,o) —=0
T(T)

5 s b

0 — H(T*)/7/ — H}.(T"/x7) — Homo (#{5,0/r7) — 0.
#=(T)

Here, the first horizontal map on each row is the Kummer map, the subscript / div refers to the quotient by
the maximal divisible submodule, and the exactness of the top row uses (18). By the saturation hypothesis,
v is surjective, and « clearly is as well, so § is surjective by the snake lemma. ]
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2.6.14. The following general finiteness result will be useful later, as well as to formulate Proposition 2.6.16
below.

Lemma 2.6.15. Let (R, m) be a complete, reqular Noetherian local O-algebra with finite residue field, and
let A be a finite free R-module with Gr-action, unramified outside a finite set S C Mp. Then H'(L°/L, A)
is a finitely generated R-module, and H'(L®/L, A*) is a cofinitely generated R-module, for all i > 0.

Proof. We proceed by induction on the dimension of R, with the 0-dimensional case (i.e. R is a finite field)
clear from Lemma 2.4.5. By definition, we have

HY(L%/L, A) = lim H'(L°/L, A/m")
k

i(TS *\V : i(TS *1k1\V
H(L>/L, A¥) =£%1(H (L*/L, A*[m*])") |
where V denotes the Pontryagin dual Hom(—, E/O). Since these are inverse limits of m*-torsion R-modules,
HY(L3/L, A) and H'(L3/L, A*)V are m-adically separated. In particular, by Nakayama’s Lemma it suffices
to show that H'(LS/L, A)/m and H*(L3/L, A*)" /m = H!(L%/L, A*)[m]" are finite.

Now suppose (z1,...,Z,) is a regular sequence generating m with n > 1, and the lemma is known for all
R of dimension at most n — 1. By Lemma 2.4.12 applied to the exact sequence

0 A A= Az, A—0,
we have an injection 4 4
HI(LS/L, A)/z, < H(LS/L, A/z, A).

By induction, H*(LS/L, A/x,A) is a finitely generated R/x,-module, and since R/x, is Noetherian, the
same is true of H(LS/L, A)/x,. Hence H'(L3/L, A)/m is a finitely generated R/m-module, in particular
finite, and this shows that H*(L°/L, A) is finitely generated by the discussion above.

Similarly, by Lemma 2.4.12 applied to the exact sequence

0 — A*[x,] = A* 25 A* 0,
we have a surjection ‘ ‘
HY(L®/L, A*[2,]) — H(L>/L, A")[z).
By induction, H*(L3/L, A*[x,])V is a finitely generated R/z,-module, hence H*(L%/L, A*)[z,]" is finitely
generated, hence H'(L3/L, A*)[m]V is finite, and this shows that H*(LS/L, A*)V is finitely generated, as
desired. ]
Proposition 2.6.16. Let (F,S) be a Selmer structure for T over O. Then:
rko Sel(T) — rko Sel gt (TT) = rko H(L, T) — rko H(L, TT)+
Z (ko Hy(Ls, T) — tko HO(Ls, T)) .
seS

The ranks are well-defined since Selz(T") and Selz:(T") are finitely generated O-modules by Lemma
2.6.15.
Proof. We first reduce to the case that (F,S) is saturated. Indeed, if we define
HY(Lg,T) >
T QQ
HE(Ls,T) = "

for all s, then (.7-' ,S) is a saturated Selmer structure for T'. Now, there is an exact sequence 0 — Selz(T") —

Sel=(T) — [ H2(T) Since the final term is a finitely generated torsion O-module, we have

seS HL (L. 1)
ko Sel7(T') = rko Sel (7).

1 — 1
H=(Ls, T) = ker (H (Ls, T) —

So, replacing F with Fif necessary, we may assume (F,S) is saturated. By Propositions 2.6.6 and 2.6.13,
we have for each j:

lgo, Sel(T/m7) —lgp Sel gt (TT /7)) =g HO(L, T/77) — 1go HO(L, T /79

+  (lgo HE(Ls, T/77) —1go HO(Ls, T/77)) .
s€S
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Since Selx(T') is a finitely generated O-module, it follows from [50, Lemma 3.7.1] that
lgo Sel=(T/n?) = j - tko Sel#(T) + O(1)

as j varies, and likewise for Sel z+(T") and each term on the right-hand side; the proposition follows. O

3. BIPARTITE EULER SYSTEMS
3.1. Admissible primes.
3.1.1. Let f, N, p, O, E, m, V¢, Ty, and W be as in §1.6. Then V¢ is a two-dimensional E-vector space
equipped with a non-degenerate, symplectic, Gg-equivariant pairing:
(19) Vi x Vi = AV =2 B(1).

Recall that Ty = Ty/7 is absolutely irreducible as an O[Gg]-module. Since the dual lattice to T} is also
O|Gg]-stable, after rescaling we may assume that (19) restricts to an O(1)-valued pairing

(20) Ty x Ty — O(1)

which identifies Ty with Home (T, O(1)). We will sometimes use the condition:
(sclr) The image of the Gg action on Ty contains a nontrivial scalar.
Fix an imaginary quadratic field K/Q of discriminant coprime to Np.

Definition 3.1.2. A nonconstant ultraprime q € Mg is said to be admissible with sign ¢ = %1 for f if
Frobg has nonzero image in Gal(K/Q), x(Frobq) # 1 (mod p), and Ty admits a basis of eigenvectors for
Frob, with eigenvalues €4 and x(Frobg)eq.

For example, if Froby € Gg is a complex conjugation, then ¢ is admissible with either choice of €.

3.1.3. If q is admissible with sign €4, then we write FilctEq Ty C T for the eigenspace of Frobq with eigenvalue
X(Frobg)eq. We abusively write q for the unique ultraprime in Mg lying over q € Mg, whose Frobenius is
Frob? .

q

Definition 3.1.4. If q is admissible with sign ¢, for f, then we define the ordinary local condition (with
sign €q) as:

ord,eq

Hovaeq (B Tr) = im (H! (K, Fil, Ty) = HI(Kq, T) )

The subscript eq will often be omitted (from this and future notation) when there is no risk of confusion.
Similarly, let

Hl

ord,€q

(Kq, Wy) = im (H! (Kq, (Fily.., Ty) ©0 E/O) = H'(Kq, Wy))

Example 3.1.5. Suppose Froby € Gg is a complex conjugation and let {eq,e2} be a basis of T such that
Frobq e; = —e; and Frobg e = e2. Then as noted above, q is admissible with either choice of €4; if ¢ = +1,
then Fil;Eq Ty = (e1), and if eq = —1, then Fil;iéq Tt = (e2). The local cohomology group H'(Kq, T}) is free
of rank 4, with a canonical decomposition into rank 2 subspaces:

H(Kq, Ty) = H' (Kq, (e1)) @ H' (Kq, (e2)).

The former is the ordinary local condition if e, = 41, and the latter if ¢ = —1. The unramified subspaces
HL . (K, (e;)) are free O-modules of rank one.

Proposition 3.1.6. Let q be admissible with sign eq. Then H.

ord,e, (Kq: Ty) is its own ezact annihilator
under the local Tate pairing

H' (Kq, Tf) x H'(Kq,Ty) — O
induced by (17) and (20).
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Proof. The Frobenius Froby € Gg acts on Ty with eigenvalues x(Frobq)eq and eq. Let ei,eo € Ty be
generators of the corresponding eigenspaces, so Fil;;eq Ty = (e1). Then

(21) H(Kq, Ty) = H' (Kq, (e1)) @ H' (Kq, (e2)),

and Hérd’eq (Kq,Tf) = HY(Kq, (e1)). Since the pairing (19) is symplectic, each of the direct summands in (21)

is isotropic for the pairing on H'(Kg, Tr). Now note that:
(22) Hl(Kq»Tf)tors - Hl(an<el>)‘
Indeed, in the exact sequence

0— H!

unr

(Kq, (e2)) = H!(Kq, (e2)) — H'(Iq, {e2)),

the last term is automatically torsion-free, and the first is as well since Frobf1 acts trivially on es. We claim
(22) implies the proposition. Suppose y € H' (K, T) pairs trivially with H! , . (Kq,T¥), and write

ord,eq

Yy=uy1+Y

1
ord,eq
trivially with H! (K, (e2)), so y2 lies in the kernel of the local Tate pairing, hence is a torsion class (Proposition

2.6.10), hence trivial by (22). O

in the decomposition (21). Since y; pairs trivially with H (Kq,Tf), y2 does as well. But y also pairs

3.1.7. For any finite set S C Mg such that T is unramified outside S, and any admissible q ¢ S with sign
€q, define a localization map

locg,e, : Hl(KS/K7 Ty) — Hlllnr(KCwa) -

(23) H., (Kq Tf) 1
unr ) _ H K T F1+ T ~ .
Htlmr(vaTf) N Hérd,eq(anTf) unr( qs f/ 1 a,¢6q f) @)

Define as well a residue map

Og,eq - HU(K, Ty) — H' (Kq, Tf) = Hirq.e (Kq, Ty) —

ord,eq
24 Hl . (K., T
29 . ord o . 2 = H!(I,, Filj, T;)F%=! ~ O,
Hunr(KQ’ Tf) N Hord,eq (va Tf) T

where the second map is given by the projection Ty — (Frobq —eq)Ty =~ Fil;fQ1 Ty. We similarly define the
maps locg,e,, Oq,c, for W.

3.2. Euler systems for anticyclotomic twists.

3.2.1. Let R be a complete flat Noetherian local O-algebra with finite residue field, equipped with an anti-
cyclotomic character ¢ : Gx — R* which is trivial modulo the maximal ideal of R. We write T, for the
anticyclotomic twist Ty ®o R(p), which is a countably profinite Gx-module. If q is admissible with sign e,
then @(Frobi) =1, s0

(25) HY(K,,T,) = H' (Kq,Tf) ®@0 R.

We extend the ordinary local condition of the previous subsection by linearity to define the local condition
Hord,e, (Kq, T;p), and likewise the maps locq,c,; Oge,-

3.2.2. We will always suppose given a finite set S C Mg and a generalized Selmer structure (F,S) for T,
over R. Let N = Ns be the set of pairs {Q, eq} where Q C Mg is a finite set of ultraprimes disjoint from the
image of S in Mg and eq : Q — {£1} is a function such that q is admissible with sign eq(q) for all g € Q.
(We will drop the subscript S when it is clear from context or when S contains only constant ultraprimes.)
Given a pair {Q,eq} € N, we identify Q with a subset of Mg and define a generalized Selmer structure
(F(Q,€eq),SUQ) for T, by the local conditions:

HL (K, T,) sZQ
26 HJ Ko T,) =< T 7%
( ) ]:(QﬁeQ)( 90) {Hl (KWTAP)a s=q¢ Q.

ord,eq(q)
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For § € Z/27Z, let N° C N be the collection of pairs {Q,eq} € N such that Q] = § (mod 2). Given two
pairs {Q, eq} € N’ and {Q',eq } € N such that Q N Q" = 0, write
{QQ’, eqq } € N+

for the pair formed in the obvious way from Q U Q' and the sign functions eq, eq. The pair {0,0} € N will
be abbreviated as 1.

Similarly, suppose given {Q, eq} € N and an additional ultraprime q € QUS which is admissible with sign
€q- Then we write {Qq,eqq} € N for the pair formed in the obvious way from QU {q} and the natural sign
function.

Definition 3.2.3. A bipartite system (x,\) for (T, F,S) of parity 6 € Z/2Z consists of the following
data:
(1) for each pair {Q,eq} € N?, a cyclic submodule

(r(Q, €q)) C Selr(q,eq) (To);
(2) for each pair {Q,eq} € N°*1, a principal ideal
(MQ,eq)) C R.

A bipartite Euler system is a bipartite system satisfying the “reciprocity laws”:
(1) For each {Qq,eqq} € N°*1,

10¢q,cq0(0) ((#(Q, €0))) = (A(Qq, €qq)) C R.
(2) For each {Qq,eqq} € N?,

a,cqq(a) (£(QM, €Qq))) = (M(Q, €q)) C R.
We say (k, ) is nontrivial if there exists some {Q,eq} € N such that either A\(Q,eq) # 0 or k(Q,eq) # 0
depending on the parity of |Q| + 4.
We will suppress eq from the notation when it is clear from context and write simply x(Q), A(Q), F(Q).

3.3. Euler systems over discrete valuation rings.

3.3.1. Suppose that R is a discrete valuation ring with uniformizer w, and let W, =T, ®0 E/O = W; ®o
R(p). Let 7 € Gg be a complex conjugation, and let Tw(T,,) be the module T}, with G g-action twisted by
7. Then there is a perfect G-equivariant pairing
(27) ()" : Ty x Tw(T,) = R(1)
induced by
(z@ry®s) =rs(@,y"), rseR, z,y €Ty,

where (+,+) is the pairing of (20).

Using the local isomorphisms

HI(KSaTW(Tsa)) = Hl(KsTvT«O)

of Remark 2.5.7, the pairing (27) induces local pairings
(28) H' (K, T,) x H' (K, T,) — R.

The pairing (27) also induces a perfect pairing

Wy, x Tw(T,) = R(1) ®0 E/O = (R® Qp/Zy)(1).

Recall that we have fixed a generalized Selmer structure (F,S) for T, over R. For any {Q,eq} € N, we write
(F(Q),S™ U Q) for the Selmer structure on W, which is dual to the Selmer structure (F(Q)™,S™ UQ) on
Tw(T,) (see Remark 2.5.7).

Definition 3.3.2. We say (F,S) is self-dual if, for all s € Mg, H%(K;,T},) and H%(K-,T,,) are exact
annihilators under the local pairing.

Equivalently, (F,S) is self-dual if, after identifying Tw(T,,) and TJ, = Homp (T, O(1)) via (27), the local
conditions given by (FT,S) and (F7,S7) coincide.
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3.3.3. If g € Mg is admissible, then q7 = q; let
()8 : HY(Kq, T,) x HY(Kq, T,,) = R

be the pairing obtained from (28) by identifying H!(K4-,T,) = H'(Kq,T,). Then unraveling the definition
of (-,-) shows that

(29) (c1,c2)q = (c1,Frobg ca)q, c1,c2 € Hl(Kq,Tw),

where

()a  HU(Kq, T,) x H'(Kq, T,,) — R
is the local pairing induced by (20), extending linearly using (25). (Here Frobg acts naturally on H! (K, T,,) =
H!(Kq,Tf) ®o R since Ty is a Gg-module.)

Lemma 3.3.4. The residual representation T's is absolutely irreducible as an O|Gk]-module. Moreover, if
(sclr) holds, then there exists an element z € Gk that acts as a nontrivial scalar on T';.

Proof. The discriminant of K is coprime to Np by assumption, so we have K NQ(T' ;) = Q. Hence the image
of Gx — Aut(Ty) coincides with the image of Gg — Aut(7T}), and this implies the lemma. O

Corollary 3.3.5. Suppose that (F,S) is self-dual. Then (F,S) is saturated, and for all j > 0, we have
isomorphisms ' _ '
Selz (T, /w’) = Sel (W, [w?]) = Selz(W,)[w?].

Proof. Self-duality implies saturation by Proposition 2.6.10, so the first isomorphism results from Proposition
2.6.13. The second is immediate from Lemmas 3.3.4 and 2.4.12. ]

Proposition 3.3.6. Suppose that (F,S) is self-dual. Then, for each {Q,eq} € N:
(1) (F(Q),SUQ) is self-dual.

(2) There is a non-canonical isomorphism of R-modules:
Selr(q)(Wy) = (R® Qp/Zp)" & Mq & Mq

for some finite-length R-module Mq and an integer rq.
(3) rQ = I“kR Selj:(Q)(TLp).

Proof. For (1), we need only check self-duality of the local conditions for q € Q; this follows from Propo-
sition 3.1.6 and (29) because Hérd,EQ(q)(KC“Tf) is Frobg-stable for all q € Q. For (2), it suffices to show
that Selz(q)(W,)[@*]/@ Selz(q)(W,)[@* '] is an even-dimensional vector space for all s. Equivalently, by
Corollary 3.3.5, we wish to show that Selrq)(W,[@*])/@ Selzq)(W,|w*t!]) is even-dimensional. For this,
by replacing (F,S) with (F(Q),QUS) we assume without loss of generality that Q = 1 (F remains self-dual
by (1)). Let S be represented by a sequence (Sy,)nen, and let s € S be represented by a sequence of s, € S,,.
Let 1 < ¢ < s+ 1 be an integer. For §-many n, the isomorphism H'(K,, A W,[=']) = H'(K,, W,[w'])
from Proposition 2.3.2 — and the local condition H%:(Ks, W, [w!]) defined via (2.5.3) — induce a subspace
Hy (K, W,[w']) € H'(K,,, W,[w']). Repeating this process for all s € S, we obtain for F-many n a
(classical) Selmer structure (F,, Sy,) for W, [@'], and by exactness of ultraproducts we have

Selr (Wylw']) = U ({Seli, (Ko, Wolw'D}, )

Note that for §-many n, the Selmer structure (F,,S,) for W,[w'] is induced by the inclusion W, [w'] C
W@t for all 1 <t < s+ 1. It suffices to show that, for §-many n,

Selz, (Ks,, W,[@®])/w Selz, (K, , W,[w*])

is even-dimensional. We claim this follows from [37, Theorem 1.4.2], applied to the Selmer structure (F,, Sy)
on W,[w*T!]. Indeed, Hypotheses H.2 and H.5 of op. cit. are not used in the proof of [37, Theorem
1.4.2], so it suffices to check that the Selmer structures (F,,S,) for W,[w*™!] satisfy Hypotheses H.1,
H.3, and H.4 for §-many n. We use Lemma 3.3.4 to check Hypothesis H.1. Let us check Hypothesis H.3,

.ws+17t
or equivalently the condition in [38, Definition 2.2.2], i.e. that the image of Hx (K, , Wy[w®™!])
HY (K, ,W,|w')is Hy (K, , W,[w']). It suffices to show the analogue of this statement for the generalized
Selmer structure F, and this follows from the argument in [50, Lemma 3.7.1(i)], as self-dual Selmer structures
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are automatically saturated by Proposition 2.6.10. Finally, we check Hypothesis H.4. The twisted local
duality pairing is described in (3.3.1), and we wish to show that H} (K, , W,[w*"']) is the exact annihilator
of Hy (K, W,[w*t!]) for F-many n. Note that by self-duality of F, H:(Ks, W,[w*t!]) is the exact
annihilator of H: (K-, T, /w*!), which then coincides with H%: (K-, W, [@*T!]) by Proposition 2.6.13 as F
is self-dual (and therefore saturated). Since the isomorphisms H'(Kj, , W,[w*t!]) = HY (K, W,[w*t!]) are
compatible with the twisted local duality pairing, we conclude Hx (K, , W, [w®t!]) is the exact annihilator
of Hy (K, Wy[w*t!]) for §-many n. This completes the proof of (2).
Finally, (3) follows from Corollary 3.3.5, (1), and the argument of [50, Lemma 3.7.1(ii)], where the only
additional input needed to adapt the argument to patched Selmer groups is Lemma 2.4.12.
]

3.3.7. For the next proposition, we require the following extension of (3.1.7). Let q be admissible with sign
€q. Since W, = W; ®o R(yp), we have
(30) HY (K4, W,) = H' (Ko, W) ®0 R

by the same reasoning as (25). We use (30) to define, by linearity, the subspace H. ;. (K4, W,,) and the

localization maps locq,c,, Oq,c, following (3.1.7). By Proposition 3.3.6(1) combined with Proposition 2.6.13,
for any {Q,eq} € N and any q € Q, we have

(31) H.ll'(Q)(K%WSﬁ) = ord(vaw )

ord,eq

Proposition 3.3.8. Suppose (F,S) is self-dual. For any {Qq,eqq} € N, ezactly one of the following holds:
(1) locq(Selrq)(Ty)) = 0, 0q(Selr(qq)(T,)) # 0, and rqq = rq + 1. Moreover,

lgr Mqq = lggr Mq — 1g g coker Oq(Sel r(qq)(T3,))
= lgg Mq — lg locq(Selx(q) (W)
(2) locq(Selrq)(Ty)) # 0, 0q(Selr(qq)(T,)) = 0, and rqq = rq — 1. Moreover,
lgr Mqq = lgg Mq + g coker locq(Sel 7(q) (T,))
=lgr Mq + 1gg Oq(Selrqq) (Wy))-

Proof. Consider the Selmer structures (F9,SUQq) and (Fq,SUQq) for T,,, where F4(Q) = F(Q) + F(Qq)
and F4(Q) = F(Q) N F(Qq). By Proposition 2.6.16, we have:

I’kR Sel}-q(Q) (T ) = l“kR Sel}- (Qr (TW(T )) +1
= rkp Selr, (q)(Ty) + 1;

the second equality is by (13). Moreover, because F(Q) is self-dual, Proposition 2.6.10 implies that the
image of

Selraq) (T, Hixa(q) (Kq, T HL . (Kq, T, HL o (Kq, T,
(32) e}_(Q)( ‘P) N f(Q)( a 4/7) — unr( ) @ ord( ) %R2

Selr,@(Ty) — Hi q(KaTp)  Hi q)(Ka Ty) H;-‘(Q)(vaTw)

is self-annihilating under the R-bilinear local pairing induced by (-, )7, which is symmetric by (29) because
the pairing (20) is alternating and Gg-equivariant. Since a two-dimensional nondegenerate quadratic space
cannot contain three distinct isotropic lines, the image of (32) is contained either in the ordinary or unramified
part. In other words, exactly one of locq(Selr(q)(T,)) and Oq(Selr(qq)(7,)) is nonzero, which gives the
alternative of the proposition.

For the relation between Mq and Mqq, we suppose we are in case (1), because the two arguments are
analogous. By Corollary 2.6.8, the image of

Selfq(Q)(WW) H (Kq’W ) Hunr(KQ7W ) Hcl)rd(Kq7W )
Sel]—‘q(Q)(Wso) H} (vaW ) H]—‘q(Q (anWso) (anW )

~(R® QP/ZP)GBQ

Fa(Q) J-' Q)
is the exact annihilator of 0q(Selr(qq)(T,)) under the perfect induced local pairing

Hiaq) (Ka: Tp)  Hioq)(Kq, W)
(gt ped A x AT R Q2.
}‘q(Q)(anTso) ]-‘q(Q)(KQ7W )
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This implies that Oq(Selzqq)(W,,)) is divisible and
(33) lg r locq (Selr(q) (W) = lgg coker 9q(Sel r(qq) (Ty))-
Now, for any short exact sequence of R-modules

0>A—-B—>C—0,

there is an induced exact sequence
AN Bdiv
0— (———
(*) < Adgiv
where the subscript div denotes the maximal w-divisible submodule and M q;, = M/Myg;y for any R-module
M. Also note that

) — Asqiv = Bjaiv = Craiv — 0,

lim Sel 7 (qq) (Weo)aiv[@’] = Selr(qq)(T;)
i

by Corollary 3.3.5 and Proposition 2.5.6, compatibly with the map Jy, and so we can identify
Selz, @ (Wy) N Selrqq) (We)aiv

(34) Selr.q) (W, e = coker 9y (Selr(qq)(T},)) -
Consider the short exact sequences:

(35) 0 — Selx,(q)(W,) — Selxq)(W,) — locq (Selxq)(W,)) = 0

(36) 0 — Selx,(q) (W) — Selrqq)(Wy) = 0 (Selxqq) (W) — 0.

By (*) and (34), we obtain the exact sequences of finite-length R-modules:

(37) 0 — Selx, @) (We) saiv — Selrq)(We) jaiv — locq (Selzq)(Wy)) — 0

(38) 0 — coker Jq (Sel}-(Qq)(Tw)) — SeL;:q(Q)(WSD)/diV — Selr(qq) (W) jdiv — 0.

From this and (33), we deduce

15 Selz()(Wo) jaiv = 185 Selz(q) (We) /aiv + 218 locq (Selr(q) (W) ,
which gives the result. (|

Remark 3.3.9. A similar but easier argument, working with vector spaces over k = R/w, shows that
dimy, Sel p(qq) (T, /w) = dimyg Selr(q)(Ty,/w) — 1 if locg(Selz(q) (T, /™)) # 0, and dimy Sel r(qq) (T /@) =
dimy, Sel 7(q) (T, /@) + 1 otherwise. See also [38, Corollary 2.2.10].

The following result will allow us to control the alternative in Proposition 3.3.8.

Theorem 3.3.10. Let c € HY(KT/K,T,) be any nonzero element, where T DS is a finite set. Then there
are infinitely many admissible ultraprimes q ¢ T, with associated signs eq, such that locqc, ¢ # 0.

The proof is via a series of lemmas.
Lemma 3.3.11. There is an integer j such that, for all n > 0,
o HY(K(T,)/K,T,/=") = 0.
If (sclr) holds, then we may take j = 0.

Proof. Let G = Gal(K(T,)/K), and let Z C G be its center; Lemma 3.3.4 implies that T,, ® E is absolutely
irreducible as an E[Gk]-module, and so Z acts on T, by scalars. We claim:

(39) Z #{1}.
Assuming (39), the lemma follows from the inflation-restriction exact sequence
HYG/z,H*(Z,T,/=")) — H (G, T,/=") - HY(Z,T,/=")

(and Lemma 3.3.4 for the extra assertion under (sclr)). Let us now prove (39). Let G’ = Gal(K(Ty)/K),
and let L/K be the Galois subfield of K (7Tf) cut out by the center Z’ = Z(G’) C G’. By [62, Theorem 5.5]
or [55, Theorem B.5.2], Z' is nontrivial. Let H/K be the Galois extension determined by the kernel of ¢;
then it suffices to show that HL/L and K(Ty)/L are linearly disjoint. Both HL and K (7) are Galois over
Q, so G acts on Gal(HL/L) and Gal(K(Ty)/L) by conjugation. If 7 € Gg is a complex conjugation, then
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T acts trivially on Gal(K(Ty)/L) but by inversion on the pro-p-group Gal(HL/L), so the two groups have
no nontrivial common quotient compatible with the Gg-action; hence HL N K (Ty) = L. O

Lemma 3.3.12. Suppose given a cocycle
ce H'(K,T,/=@")

such that wic # 0, where j is as in Lemma 3.8.11. Then, for any integer M > n, there exists a sign € = 1
and infinitely many rational primes q such that:

1) q is inert in K and unramified in K(Ty,c), where K(Ty,c) is the extension of K(Tr) cut out by the
f f f

kernel of C\GK(Tf) cGr(ryy = Tp/m™.

2) Frob, € Gal(Q(T})/Q) has distinct eigenvalues +1 on Ty @ R/w™ (where R has trivial Galois
q f !

action).

8) For any cocycle representative, ¢ Frob?) has nonzero component in the € etgenspace for Frob,.
q q

Proof. Abbreviate L = K (T, /w™), and let ¢ € Homg, (G, T,/w™) be the image of ¢ under restriction; by
hypothesis and by Lemma 3.3.11, ¢ # 0. Without loss of generality, we may suppose that the image of ¢ is
contained in T}, /w"[w] ~ T, /w, which, since ¢ is residually trivial, is the extension of scalars Ty ®¢/,, R/w.
Fix a complex conjugation 7 € Gg. Now,

HOInGK (GL,Tf X R/w)

has a natural action of Gal(K/Q), so we may assume without loss of generality that ¢7 = e¢ for some
e € {£1}. Also, since T’y is absolutely irreducible as an O[Gk]-module by Lemma 3.3.4, there exists g € G,
such that ¢(g) has nonzero component in the € eigenspace of 7. Then

o(tg7g) = 767 (9) + ¢(9) = eTd(g) + H(9)

has nonzero component in the € eigenspace as well. Note that L(¢) is Galois over Q because the kernel of
¢ is invariant under conjugation by both Gx and 7. Then all but finitely many ¢ with Frobenius 7¢g in
Gal(L(¢)/Q) satisfy the desired conditions. O

Remark 3.3.13. If p > 5 and the image of the Galois action on 7T is sufficiently large, then we can instead
use primes ¢ such that p{¢? — 1, as is more common in the literature.

Proof of Theorem 3.3.10. By Lemmas 2.4.12 and 3.3.4,
HYKT/K,T,)[=] = 0.

Thus, fixing j as in Lemma 3.3.11, we have w’c # 0. In particular, by the definition of patched cohomology
as an inverse limit, there exists some n such that the image ¢ of ¢ in H'(KT/K, T, /w") satisfies @’ # 0.
By definition, € is represented by a sequence of classes ¢,, € H'(K™ /K,T,/w™) such that wic, # 0
for F-many m, where (T},)men represents T. For each m, apply Lemma 3.3.12 with M = max {m,n} to
obtain a prime ¢, ¢ T, and a sign €,,. If g € Mg is the equivalence class of the sequence (gm)men, and
€q € U({F1},,cn) =~ {£1} is the equivalence class of the sequence (€,,)men, then we claim q satisfies the
theorem with the sign €4. Indeed, first note that q is admissible with sign e,: for any ¢ > 1, the action of
Frobq on T /m* coincides with the action of Frob,,, for §-many m, so the eigenvalues of Frobq on T are
as desired. Similarly, the image of Frobq in Gal(K/Q) coincides with the image of Frob,, for §-many m,
hence is nontrivial. By construction of the localization map in patched cohomology, Resq c € HY(Kq, T,,) is
an unramified cocycle Frobg — a, where a € T, satisfies

a (mod wZTg,) = (Cm(FYObgm))meN eu ({TV’/we}meN)

~

—= S T,/="
2.1.4(2) 2
for all £ > 1. Taking ¢ = n and noting that the ¢, eigenspace of Frobq on T, /w" coincides for §-many
m with the e,,-eigenspace for Frob,, , we conclude that a has nonzero component in the ¢4 eigenspace for
Frobg. So indeed locg,, ¢ # 0.

Since there are infinitely many choices for each ¢,,, there are also infinitely many choices for q. O

Corollary 3.3.14. For any {Q,eq} € N, there exists some {QQ’,eqq'} € N such that rqq: = 0; moreover,
we may choose Q" such that @ N'T =0 for any fized finite set T C Mg.



KOLYVAGIN’S CONJECTURE AND CONGRUENCES 27

Proof. If rq > 0, then Theorem 3.3.10 and Proposition 3.3.8 imply that there exists an admissible ultraprime
q € TUQ with sign €q such that such that rqq = rq — 1. The corollary follows by induction on rq. ]

Combining Proposition 3.3.8 and Theorem 3.3.10 allows us to prove the main result of this subsection.

Theorem 3.3.15. Suppose that (F,S) is self-dual and that (k, \) is a nontrivial bipartite Euler system with
parity ¢ for (T,,F,S). Then there exists an integer C' (possibly negative) such that:

(1) For all {Q,eq} € N?, rq is odd, rq = 1 if and only if K(Q) # 0, and in that case

lgp Mq =1gp (Selé(FQ)gfw)> +C.

(2) For all {Q,eq} € N°T1 rq is even, rq = 0 if and only if \(Q) # 0, and in that case
lgp Mq = ord A(Q) + C.

In particular,
0 =rkrSelr(T,)+1 (mod 2).

Proof. The proof will be in several steps.
Step 1. If A(Q) # 0 for some {Q,eq} € N°+1, then rq = 0.

Proof. 1f 0 # c € Selr(q)(T,,), then by Theorem 3.3.10, there exists an admissible ultraprime q with sign ¢
such that locq ¢ # 0. By Proposition 3.3.8, 94(x(Qq)) = 0, which contradicts the reciprocity laws. O

Step 2. If K(Q) # 0 for some {Q,eq} € N°, then rq = 1.
Proof. Choose an admissible ultraprime q with sign e such that locq £(Q) # 0. Then by the reciprocity laws,
A(Qq) # 0, so by Step 1 rqq = 0. Proposition 3.3.8 implies rq = 1. a
Step 3. For all {Q,eq} €N, rq =0+ |Q| +1 (mod 2).
Proof. If {QQ’,eqq'} € N, then by Proposition 3.3.8

rq —rea = Q| (mod 2).
In particular, the parity of rq — |Q| is constant as Q € N varies, so Steps 1 and 2 imply Step 3. O

Step 4. Suppose rq = 0 for some {Q,eq}. Then, for all admissible ultraprimes q ¢ QU S with sign €q,

TQq = 1 and
Sel T
lgp Mqq + orde A(Q) = 1gp Mq + 1gg (JW)

(x(Qq))
Proof. By Step 3, A(Q) and x(Qq) are well-defined. Then Step 4 follows from Proposition 3.3.8, since by the

reciprocity laws
Sel}- Q (To)
lgR < (Qa)

(H(Qq)) ) + lg i coker 8q (Self(Qq)(Tw)) = ordy )\(Q)

The same reasoning implies:

Step 5. Suppose that rq =1 and q & QUS is an admissible ultraprime with sign eq such that rqq = 0. Then

Selr(q) (1)
(x(Q))

Now consider the graph X whose vertices are the elements of N, and where the edges are between vertices
of the form {Q, eq} and {Qq, eqq}, for some admissible ultraprime q with sign €, (definition inspired by [38,
§2.4]). We say {Q,eq} is a core vertex if rq < 1. The core subgraph X of X is the full subgraph on core
vertices.

lgr Mqq +1gr ( ) = lgg Mq + ords A(Qq).

Step 6. Assume Xy is path-connected. Then the theorem holds.
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Proof. For every {Q,eq} € Xy, set

Sel T .
o = {ton o —len (SF) . i (Quea} €W
lgr Mq — ords A\(Q), if {Q,eq} € N1

(A priori, Cq could be —o0c.) By Steps 4 and 5, Cq is constant along paths contained in Xy. Moreover, if
(k, A) is nontrivial, then Steps 1 and 2 imply that there exists Q € Xy with Cq finite. Under the additional
assumption that Xp is path-connected, the common value of Cq for Q € A} is the global constant C' of the
theorem. O

In the rest of the proof, we will establish the path-connectedness of Xj.
Step 7. If v ={Q,eq} and v = {QQ’,eqq' } are core vertices, then they are connected by a path in Xy.

Proof. We proceed by induction on |Q’|, where the base case |Q'| = 1 is trivial. If rqq//q <1 for any q € Q’,
then we may apply the inductive hypothesis, so assume otherwise. By Proposition 3.3.8, rqqr = 1 and
0q(Selr(qq)(Ty)) = 0 for all g € Q". Hence

Sel}-(QQ/)(T@) - Self(Q) (TW)

Then, by Theorem 3.3.10 and Proposition 3.3.8, there exists an admissible ultraprime q € QU Q' U S with
sign €q such that rqq = rqqq = 0. For any ultraprime ¢’ € Q', {QQ'q4/d’, €qqaq’lq@ra/q’ } € N is a core vertex,
which is connected to v' in Xy. By the inductive hypothesis, {QQ’q/q’7 €QQqq’ \QQ/q/q/} is also connected to
the core vertex {Qq, €qq}, hence to v, by a path in &p. This completes the inductive step. ([l

Step 8. If v = {Q,eq} is a core vertexr and T C Mg is any finite set, then there exists a core vertex
v ={Q,eq } such that v and v' are connected by a path in Xy and Q N'T = 0.

Proof. By iterating, it suffices to assume that QNT consists of exactly one ultraprime q € Q. If rq/q < 1, then
the conclusion is obvious, so suppose otherwise. As in the proof of Step 7, choose an admissible ultraprime
q" ¢ QUSUT with associated sign ey such that rqq = 0, which implies 7qq/q = 1. The core vertex
v = {Qq’/q, qu/|Qq//q} has the desired properties. O

Finally, we have:
Step 9. The core subgraph Xy is path-connected.

Proof. Let {Q1,€q,} and {Qq, eq,} be two core vertices; we wish to show they are connected by a path in
Xo. Without loss of generality, by Step 8, we may assume Q; N Q2 = . (This step is necessary because the
sign functions eq, and eq, need not agree on Q; NQsz.) Consider {Q;Q2, €q,q,} € N. This may not be a core
vertex, but, by Corollary 3.3.14, there exists {Qs,eq,} € N such that {Q1Q2Qs3,€q,Q.qQ; ) IS & core vertex.
We may then conclude by Step 7. (]

O

Proposition 3.3.16. In the setting of Theorem 3.5.15, there exists a constant C' > 0 depending on |S|,
Ty, and the ramification index of R/O, but not on @, such that C < C'. If (sclr) holds, then we may take
' =0.

Proof. By Theorem 3.3.15, it suffices to show that there exists a constant C” with the desired dependencies
and a pair {Q, eq} € N such that rq = 0 and lgz Mq < C’. Inspecting the proof of Lemma 3.3.11, we first
note that the constant j in Lemma 3.3.12 can be chosen to depend only on 7T and the ramification index of
R/O, and we can take j = 0 under (sclr).

Moreover, if k is the residue field of R, then d = dimy, H'(KS/K, W,[w]) is also bounded with a bound
depending only on |S| and T, by the proof of Lemma 2.4.5. We now construct a sequence {Q;, eq, } recursively
(starting from Q; = 1) by the following rules:

e Ifrq, = 0 and the exponent of Sel r(q,)(W,,) is n; > (i+2)-4, then choose any admissible q; 1 ¢ Q;US
with sign €q,,, such that the exponent of locg,,, (Selr(q,)(W,,)) is at least n; — j.
e If rq, > 0, then choose any admissible q;41 € Q; US with sign ¢, , such that

lgr coker(locg, ,, Selrq,)(T,)) < Jj.
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These choices are possible by Lemma 3.3.12 and Corollary 3.3.5, cf. the proof of Theorem 3.3.10. In either
of the above two cases, set {Qi-‘,—h 6Qi+1} = {Qiqi+1, eQqul} ; if neither holds, then end the construction.
For each i, let rg, be the minimal number of generators of the torsion R-module @' Myq,, which is also the
dimension of the k-vector spaces @™ Mq, /@ Tt Mq, and (w" Mq, )[w].

Claim. In the first case of the construction, ry < rj . In the second case, ry < rj .
Qi1 Qs Qi1 Qs

Before proving the claim, we show it implies the proposition. After m < d steps (where the inequality
holds by Corollary 3.3.5 and Proposition 3.3.6), we alternate between the two cases of the construction by
Proposition 3.3.8, and so the claim implies that the construction must halt after at most 2r; < 2d more
steps. Hence for some i < 3d, rq, = 0 and w(*2)7 Mg, = 0. In this case,

lgg Ma, < (i +2)j dimy, Selz(q,) (W,) ] < (3d + 2)j(d + 3d),

the last inequality by Remark 3.3.9 combined with Corollary 3.3.5. Since d and j have bounds depending
only on |S|, Ty, and the ramification index of R, and we may take j = 0 under (sclr), the proposition follows.
Now let us prove the claim, for which we abbreviate A := Selx ’+1(Q*)(W¢’) /div- Start with the first case.

94
From (35), we have an exact sequence

(40) Hom g ni (Selz(q,) (W), A) = Homponi (A, A) — Extrn, (locq,,, (Selrq,)(We)) , A),

where the last term is @/ -torsion because locq,, (Selr(q,)(Ws)) is a cyclic R/w"-module of length at least
n; — j. Hence there is a map f : Selrq,)(W,) — A such that the composite A < Selr(q,)(W,) L As
multiplication by w’. Let B be the image of the resulting map

f®locq; 4
_—

Sel]’(Qi)(Wtﬁ) A ®locq,,, (Self(Qq‘,)(WtP))v

so that
dimy, @ B/t B < 2rg,.
Now, an elementary calculation shows that B contains @/ A @ w? locg, ,, (Selrq,)(W,)), so
dimy, @V 4 /DIt 4 41 < dimy, @Y B/w 1B < 2rq, -

(Here we are using that @17 locg, , (Selz(q,)(W,)) # 0, which holds because locg,,, (Selz(q,)(W,)) is
cyclic of length at least n; — j > (i + 1)j.) On the other hand, c(+1)J Sel7(Qiqi1) (W) saiv is @ quotient of
w(*1)J A by (38), so we have

27‘&,1’+1 < dimy w(”l)jA/w(Hl)jJrlA < 2réi -1

)

which proves the claim in this case.
We now consider the second case of the construction. Analogously to (37), (38), in this case we have exact
sequences:

(41) 0—A— Sel}‘(Qiqurl)(Ww)/diV — 8q,i+1 (Self(Qqul)(W(p)) — 0,
(42) 0 — cokerlocg,_, (Sel;(Qi)(TLp)) — A — Sel;(Qi)(Ww)/diV — 0.
By (42),

dimy, @ A/w T A < 2rg + 1.

Since Oy, (SelF(Qiq:1)(We)) is cyclic and w’-torsion by the analogue of (33), the exact sequence (41)
shows that (1) SelF(Qiqis1)(We), aiv injects into @' A, so we conclude 2rq,,, < 2rq, + 1 hence rg, | <
Tq,» as claimed. O

3.4. Euler systems over A. For this subsection, we assume:

(ord) ap(f) & p.
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3.4.1. Let K. /K be the anticyclotomic Z,-extension, and let A be the anticyclotomic Iwasawa algebra
O[Gal(K/K)] with canonical character

v GK — A*.
If 7 is a topological generator of Gal(K,/K), then as a ring A = O[T] where T' = ¥(~) — 1. For each height-
one prime P C A with P # (p), let S be the integral closure of A/B in its field of fractions, so that ¥ induces
a character G — A* — Sg. We write Ty for the twist Ty ®o Sq (W), Wy for Ty ® Qp/Z, = Ty ®0 E/O,
and Ty for the interpolated twist Ty ®o A(V). Also let Wy = T be the Cartier dual with A action twisted
by the canonical involution ¢, so that for each 3 there is a natural map
Wq3 — Wf

of A[G k]-modules.

3.4.2. By ordinarity, there is a free rank-one subspace (and O-module direct summand) Fil; Ty C Ty on
which I, C Gg, acts through the cyclotomic character; let gr, Ty = T/ Fil; T be the quotient. Let S C Mg
be the set of ultraprimes v = v lying over v|Np, and define the Selmer structure (Fju,S) for T as follows:

im (H'(K,,Filf Ty ® A) - H'(K,,Ty)), v=u,0|p,
(43) H}A(KV’T]C) = Hl(Kvan)7 v=u,v|Noo, v =17,
Hi (K, Ty), otherwise.

unr

Remark 3.4.3. If ¢||N is inert in K, then a direct calculation shows that the whole cohomology group
H'(K,, Ty) is ordinary in the sense of [38, §3.1], so (43) is consistent with the Selmer structure defined in
loc. cit. under the conditions therein.

3.4.4. For each height-one prime P C A with P # (p), we also define the Selmer structure (Fyp,S) for Tip
by:
ker (Hl(KmTcp) — Hl(KU,grp Ty ® Sy) ®z, Qp) , v=u,|p,

44 H, (Ko, Ty) =
() Fu e T) {ker((Hl(Kv,Tm)—>H1(fvam)®Zp@p)a otherwise.

This is well-defined because H! (1, Ty) is p-torsion-free when Ty is unramified at v.
As in (3.3.1), for all Q € N the Selmer structure (Fa(Q),S) for T induces a dual Selmer structure
(Fa(Q)*,S) for Wy.

Proposition 3.4.5. The Selmer structures (Fy,S) are self-dual for all B # (p). Moreover, for all P # (p)
and for all Q € N, the natural map induces well-defined homomorphisms:

Selr, (@ (Ty) @a A/P — Selry, @) (Tp), Selr, ) (Wy) — Selx, (q)- (Ws)[F].

The first map is injective. Moreover, there is a finite set of height-one primes X of A (possibly depending
on Q) such that, for all P & X, both maps have finite kernels and cokernels whose cardinalities are bounded
by a constant depending on Ty, Q, and [Syp : A/B], but not on P itself.

Proof. The self-duality of Fy follows from the self-duality of the usual ordinary (resp. unramified) local
condition on H'(K,, Ty ®z, Qp) for each v|p (resp. v|N).

The proof of the rest is identical to [38, Proposition 3.3.1], but for the reader’s convenience we provide
some of the details. First, arguing verbatim as in [50, Proposition 5.3.14], we need the following two facts:

(1) For all P outside a finite set X5 as in the proposition, the inclusion Ty /BT — Ti induces maps
Hiy i) (Ko Tp) @ AP = HE ) (Ko ). HE ) (K W) = HE (- (Ko, W) []

with kernels and cokernels having bounds of the desired sort, for allve QUS.
(2) The natural map H'(KQYS /K, Ts) @x A/P — HY(KYS/K, Ty) is injective, and for all 9P outside a
finite set X5 as in the proposition, the maps

HI(KOYS /K, T ) @a A/ — H (KOS /K, T), H(KOVS /K, W) — H (KOS /K, W )]

have finite kernels and cokernels with bounds of the desired sort.
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For (1), the claims for v = v with v|p, or with v|N and v # v", are checked in [38, Proposition 3.3.1] and
the references therein.
Forv=qeQ,

H;‘A(Q)(va Tf) = Hcl)rd(KQan) ® A, H}-‘:;;(Q)(vaT‘B) = H(I)rd(Kq»Tf) ® S,

so we clearly have local maps with kernel and cokernels bounded depending only on [Sy : A/%B] (and similarly
for Wy and Wi). Now suppose that v = v with v|N and v = v™. Then ¢ is trivial on G, , so

HY(K,,T;) = H'(K,,Ty)® A, H'(K,,Ty) = H"(K,,Tf) ® Sy.
In particular, H' (K, Ty) is finite by purity, so
1 oyl
HL (K., Ty) = H(K,, Typ).

Hence the desired local map H}A(Q)(K\,,Tf) QA/P — H}m(Q) (K, Typ) is well-defined and injective, and
its cokernel is identified with H'(K,,Tf) ® Sy /(A/9), which clearly has a bound of the desired sort. The
argument for the second map in (1) is similar.

Now we turn to (2). Lemma 2.4.12 induces short exact sequences
0 — H' (K /K Ty) @ A/ — HY (KOS /K, Ty /P) — H (KOS /K, T[] — 0

and

HO(KCQYS /1, Ty (S /A /) — HL(KEOUS /I, T /) — HL(KEOUS /I, Tg) — HY(KKQUS /I, T pon (S /A /).
In particular, since T'; is absolutely irreducible, the first term is 0, and the map H(KQS/K, T;/P) —
HY(KQYS/K, Ty) is injective. Hence HY(KQUS/K, T ;) ®x A/P — HY(KQYS/K, Ty) is injective. Moreover,
the cardinality of its cokernel is bounded by #H?(KQYS /K, T;)[B]- #H (KQYS /K, T @4 Sy /(A/F)). Note
that T @ Sp/(A/B) = Tf ®0 Sp/(A/B), where Sz /(A/P) is a finite O-module with trivial Galois action.
In particular, writing Ty ®o Sy /(A/B) as a successive extension of copies of Ty and using Lemma 2.4.12, we
see that #H! (K5 /K, Ty @ Sy /(A/%)) is bounded by a function of #H'(KQS /K, T) and [Sy : A/
Also, H?(KSYQ/K,Ty) is a finitely generated A-module by Lemma 2.6.15. Let B be the largest finite A-
submodule of H?(KSYQ/K, T); then for all but finitely many 3, H%(K5YQ/K, T;)[] is contained in B,
so #H2(KSYQ/K, T ;)R] < #B. Putting everything together, we have obtained our desired bound on the

cokernel of the first map. The argument for the second map is similar.
O

3.4.6. Recall that, for any finitely generated A-module M, there exists a unique A-module M’ of the form
A" & @ A/B;* such that M admits a map to M’ with finite kernel and cokernel, where 93; are height-one
primes; we denote this relationship by M ~ M’. The characteristic ideal chary (M) is zero if » > 1, and
equal to [[B;" otherwise. The following easy lemma is implicit in [50, p. 66].

Lemma 3.4.7. Let B C A be a height-one prime. Then there exists an integer d and a sequence of distinct
height-one primes P, such that, for all finitely generated torsion A-modules M,

lgo (M/B,,) = mdordsg chara (M) 4+ O(1)

as m varies (holding M fized). Moreover [Syp,, : A/B.m] is constant for large enough m, and if B # (p),
then the rings A/, are abstractly isomorphic.

Proof. If P # (p) is generated by a distinguished polynomial f € A, and 7 is a uniformizer for O, then
we may take P, = f + 7" (for sufficiently large m) and d = [Sgp : O]. If ‘P = (p), then we may take
By, =T +mand d=1. O

Proposition 3.4.8. For all {Q,eq} € N, we have
Selx, (@) (Wy)¥ ~ A" @ Mq & Mq
for some torsion A-module Mq, where
rq = rka Selz, () (Ty).
Here, for a topological O-module M, M"Y denotes the Pontryagin dual.
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Proof. Note first that Selz, q)-(Wy)" and Selz, (q)(Ty) are finitely generated A-modules by Lemma 2.6.15.

If rq is the A-rank of Selr,(q)(Ty), then by Propositions 3.4.5 and 3.3.6, rq = rks,, Selz, () (Ty) =
rks,, Selr, () (Wq)V for cofinitely many 93. By Proposition 3.4.5 again, rq is then the A-corank of Selz, (q)«(Wy).
Thus we can write

SGIJ:A(Q)*(Wf)\/ ~ ATQ @ X

where X is A-torsion. It suffices to show that ordg chary (X)) is even for all ®B. The argument in the proof
of [37, Theorem 2.2.10(b)] now applies verbatim, using Propositions 3.3.6 and 3.4.5 in place of Lemma 2.2.7
and Proposition 2.1.3 of op. cit. O

Theorem 3.4.9. Suppose that (k,) is a nontrivial bipartite Euler system with parity 6 for the triple
(T, Fa,S). Then there exists a nonzero fractional ideal I C A ® Q, such that:

(1) For all {Q,eq} € N?, rq is odd, rq = 1 if and only if K(Q) # 0, and in that case

SeI}-A(Q) (Tf) >
(r(Q)) .

(2) For all {Q,eq} € N°T1 rq is even, rq = 0 if and only if A(Q) # 0, and in that case
charpy (Mq) - I = (A(Q)).

chary (Mq) - I = charp <

In particular,

0 =1kgSels(Tf)+1 (mod 2).
If (sclr) holds, then I C A.
Proof. Let B C A be any height-one prime other than (p); via the natural maps Selr, (Ty) — Selr, (Tip)
and A — Sg, the Euler system (x, A) defines an Euler system (kg Ap) of parity ¢ for the triple (T, Fip, S).
In particular, Theorem 3.3.15 applies.

By Lemmas 2.4.12 and 3.3.4, Selr, q)(Ty) is A-torsion-free. Hence for fixed Q, by Proposition 3.4.5,
k(Q) # 0 if and only if £y (Q) # 0 for all but finitely many 9B. Similarly, A(Q) # 0 if and only if Ap(Q) # 0
for all but finitely many 3. Because

I‘kA Sel}-A(Q)(Tf) = I‘ksm Sel]:m(Q) (Trp)
for all but finitely many ‘B3 by Proposition 3.4.5, the claims about rq follow from Theorem 3.3.15.
For any B and {Q, eq} € N°*! such that A(Q) # 0, by Proposition 3.4.5 and Lemma 3.4.7 we have
eqp(Q) = ordg(A(Q)) — ordg chara (Mq)
o T (/B ~ a0 (Mo/B)

m—o0 md
~ i 8098, /A9, (Q) 180 Mo,
m—o0 md ’

where Mq g, denotes the Sy, -module of Proposition 3.3.6 for Fiyp,,. Note that ep(Q) is clearly zero for
almost all P (as long as A(Q) # 0). Moreover, ey (Q) does not depend on the choice of Q: indeed, given two
Q: and Qo with A(Q;) # 0 for i = 1,2, Theorem 3.3.15, applied to (ksp,,, Asgp,,) for the cofinitely many m
such that Ay, (Q1) # 0 and Ay, (Q2) # 0, implies e (Q1) = eqp(Q2).

Thus we can let e be the common value of e:(Q) for all Q such that A(Q) # 0. Then ][y B°* defines
a fractional ideal T of A satisfying (2). Arguing similarly as above with x(Q) in place of A(Q), we see that
I satisfies (1) as well. Then Proposition 3.3.16 shows that ez > 0 if ‘P # (p), and also for B = (p) under
(sclr), which shows the desired integrality properties for I and completes the proof. O

4. GEOMETRY OF MODULAR JACOBIANS

4.1. Purely toric reduction of semistable abelian varieties.
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4.1.1. Fix a prime £, and let A be an abelian variety over Q whose Néron model Az, is semistable with
purely toric reduction. We denote by Ay, the special fiber, by A]%e the neutral connected component, and
by Xy(A) the character group of A%e, which is a free Z-module of finite rank with an action of Gal(F,/F,).
Also let Xy(A)Y = Hom(X;(A),Z) be the Z-dual. We recall the following basic result from the theory of

rigid analytic uniformizations.
Proposition 4.1.2. (1) With notation as above, there is a canonical Gg,-equivariant exact sequence:
0— X(AY) = X(A)Y ©2Q, — AQ,) — 0.
(2) Suppose that AR, splits over Fen. Taking Gal(Qy/Qen)-invariants in (1) gives an evact sequence
fitting into a commutative diagram of Gal(Qgn /Qg)-modules:

0 —— X(AY) — X(A)Y @z Q. —— A(Qpm) —— 0

lid lorde lSP
0 —— X(AY) AN Xo(A)Y ——— ®y(4A) —— 0.
Here, j is the monodromy pairing of [34, §9], and ®,(A) is the component group of Ag,.
(8) For any p # £, there is a canonical exact sequence of Gg,-modules:
0— Xg(A)v X7z Zp(l) — TpA — Xg(Av) ®z Ly — 0.

Proof. Let T be the algebraic torus over Z, with character group X;(A); let Ty, C T be the special fiber and
T the formal completion of T" along Tf,. By [33, Theorem 3.6], the isomorphism T, = A]%e lifts uniquely
to an isomorphism between T and the formal completion A of A along A]PQZ. Then by [5, Theorem 1.2], this
isomorphism T =~ A extends uniquely to a surjection of rigid analytic groups T — A" whose kernel M
is a lattice in 7"'8. By [5, Theorem 2.1] and étale descent, the rigid analytic torus with character group M
uniformizes (A)"2; hence by [5, Proposition 6.10], M is canonically identified with X;(AY), and so we have
an exact sequence of rigid analytic groups over Qy:

0 — X (AY) — Tre — AMs (.
Taking Q,-points gives the exact sequence in (1). For (2), the top row of the diagram is exact since
HY(Qgn, Xe(AY)) = Hom(Gg,n., Xe(AY)) = 0. The commutativity of the leftmost square is [21, Theorem
2.1], and to establish the commutativity on the right it suffices to show that the image of X;(A)Y ®z Z;;, in
A(Qgn) = A(Z4n) is exactly those points that reduce to the neutral connected component of A%Z. But this
is clear because Xy(A)Y ® Z;, = T(Zgn) maps isomorphically to A(Z¢) by construction, and by definition
A(Zgn) C A(Zgn) is the set of points that reduce to A, (Fen).
For (3), apply the snake lemma to the commutative diagram

0 —— X(AY) — X(A) ®,Q, — A(Q,) — 0

= s I

0 —— X(AY) — X(A)Y @zQ, —— AQ;) — 0
and take inverse limits in n. O
4.2. Multiplicity one.

4.2.1. Let Ny and Ns be coprime positive integers, with Ns squarefree. Consider the Hecke algebra T =
Tw,,n, generated over Z by operators Ty for all primes ¢ { N = N1 N, and Uy for all | N, acting on the cusp
forms of weight two and level I'o(N) which are new at all factors ¢|Ny. Then Ty ; also acts naturally on
Jo(N) == Jac(Xo(N)), with the action induced by Picard functoriality from the Hecke correspondences on
Xo(N). If I is the kernel of the projection Ty 1 — T, then we set

(45) JNN2 . J0(N) /LT (N),

min
an abelian variety over Q with a (faithful) action of T. If Ny, Ny are clear from context, we will omit the
superscript.
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4.2.2. For any maximal ideal m C T and any T-module M, let My, denote the m-adic completion. If A is
an abelian variety with an action of T, the m-adic Tate module is Ty A == (T, A)m, where p is the residue
characteristic of m.

Proposition 4.2.3. Suppose m is non-FEisenstein with residue characteristic p4 2N. Then Ty Jmin s free
of rank two over Ty,.

Proof. Throughout the proof, we will also view m C Ty, n, as a maximal ideal of Ty,; via pullback. By
[64, Theorem 5.2(b)], Jo(N)[m] is a two-dimensional vector space over Ty 1/m. Now, by [35, Proposition
2.2], the dual map to the projection ¢ : Jo(N) — Jiin identifies JY; with the neutral connected component
of Jo(N)[I] (notation as in (45)); in particular, ¢V is injective, $0 Ty Jo(IN) — T Jmin 1S surjective. Hence
Jwin[m] is a Tp, n,/m-vector space of dimension at most two (in particular, exactly two because m is non-
Eisenstein), so the proposition follows as in [75, Corollary 2, p.332]. |

4.2.4. Now suppose that A is an abelian variety over Q with faithful T-action, admitting a T-equivariant
isogeny to Jmin. Then the Néron model of A over Z; has purely toric reduction for all £| Ny, and we will
apply the notations of §4.1.

Proposition 4.2.5 (Helm). Let m C T be non-Eisenstein of residue characteristic pf2N. Then the natural
maps induce Ty-module isomorphisms:

T Jmin QT Hom(Jmin> A)m S TmAa

Xe(Jin)m @1, Hom(Jimin, A)m —> Xe(AY )m, VE|Na.

Here, all Hom-sets are understood to be T-equivariant morphisms, and tensor products are taken modulo
Z-torsion.

Proof. This follows from [35, Corollary 4.10, Proposition 4.14]. Note that [35] uses contravariant Tate
modules, so it is necessary to dualize to recover the covariant formulation. O

We record the following elementary lemma for later use.

Lemma 4.2.6. Let X = X;(JY,,)m for some {|Ny and m C T, where m is non-Eisenstein of residue

characteristic p 1 2N . If the associated residual representation p,, is ramified at £ or if pt € — 1, then X is
free of rank one over Ty. In general, there exist T -module maps

G X =Ty, Vi : T — X, 1=1,2
such that
pio; =, 00; =t; € Ty, C End(X)
and
ti1+ta=F0—1€Ty,.

Proof. If ¢ — 1 is a p-adic unit, or if p,, is ramified at ¢, then this follows from [35, Lemma 6.5]. In general,
abbreviate XV = Homgz (X, (JY:,),Z)m- By Proposition 4.1.2(3), we have an exact sequence of Ty[Gg,]-
modules

(46) 0— XY(1) = Tmdmin — X — 0;

the action of Gg, on X is unramified and Frobenius acts as U, [64, Proposition 3.8], which is a constant +1
because the residue characteristic of m is p > 2.

By Proposition 4.2.3, TiyJmin is free of rank two over Ty,. Choose a basis {e1, ez} for Ty Jmin, which
identifies A2Tp Jmin = T by the generator e; A eg. Let

<'a > : Tmt]min X Tmt]min — /\2Tmt]min = PHwm
be the resulting alternating pairing, so that

(47) y = (e1,y)e2 — (e2,y)e1
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for all y € Ty Jmin- Define maps

i TonJin — Ty, i =1,2

o1y = (y, (F = Urea)

¢2 1y = (y, (F — Upey),

where F' € Gq, is any lift of Frobenius. We first claim that the maps ggz factor through w. Since T, is
p-torsion-free, it suffices to check this after inverting p. It follows from (46) that, on Ty Jmin ® Qp, F acts
semisimply with distinct eigenvalues U, and ¢Uy, and each eigenspace is isotropic for (-, -) because the action
of G, on AT Jmin is through the cyclotomic character. Since (F — Uy)y lies in the (U,-eigenspace of F for

all y € TinJmin @ Qp, the maps 51 ® Q, factor through the projection onto the Up-eigenspace, hence through

T ® Qp by the exact sequence (46). So indeed each ¢; descends to a Ty-module map ¢; : X — Ty,. Now
define maps

b T — X, i=1,2
Y1 : 1= Upr(ey)
o 1 1 — —Upm(eq).

We claim that 1; and ¢; satisfy the conclusion of the lemma. One readily calculates:

¢1091(1) = Upler, (F — Ur)ea)
Y10 pi(m(er)) = Ueler, (F — Ur)ea)m(er)
Y10 ¢1(m(ez)) = Uelea, (F — Ug)ea)m(ex)
= Uiler, (F = Upea)m(e2) — Up(F — Up)m(e2)
= Usler, (F — Up)ez)m(e2),

where in the last two steps we have used (47) and the fact that F' = U; on X. Similarly,

(2 0y = 1Pg 0 o = —Uy(ea, (F — Up)er),
and

Uler, (F = Ug)ea) — Uglea, (F — Up)er) = trp, g, Ue(F = Up) =€ — 1.

min

4.3. Shimura curves.

4.3.1. For this subsection, assume v(N2) is even and let B = By, be the indefinite quaternion algebra over
Q ramified at the prime factors of N;. Fix a maximal order Op of B and let Xy, y, 7(1) be the smooth
projective Shimura curve over Spec Z[%] described in [3, §5.1]. In particular, for Ny > 1 and for any field k&
of residue characteristic not dividing IV, the points X, n, (k) = Xy, n, 7 E 1(k) parametrize isomorphism
classes of triples (A4,t,C), where A is an abelian surface over k, ¢ is an embedding Op < Endy(A4), and
C C A[Ny] is a sub-group scheme of order N7 which is stable and cyclic for the action of Op. For Ny = 1,
XNz 1 is the usual modular curve Xo(N), and the preceding moduli interpretation applies to the open

modular curve Yy(N) C Xo(N). We write Xn, N, = Xn,,N,,0 for the generic fiber.

4.3.2. For all £ { N3, we have the usual Hecke correspondences Ty (¢ f N) or Uy (¢{|[N1) on Xy, n, 7111 X
XNy Ny Z[ L) for ¢| N3, we have the involution U, of XNy Ny Z[ L) whose action on the complex fiber is given
by the double coset operator of [19, p. 873]. By [35, Theorem 2.3], these correspondences induce, by Picard
functoriality, a faithful action of Ty, n, on the Jacobian JNtN2 := Jac(Xp, n,). When N; and N, are
understood, we abbreviate J = JN1-¥2. By [35, Corollary 2.4], there is a noncanonical Hecke-equivariant
isogeny J — Jmin-
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4.3.3. If ¢ t N is a prime, then we have the two natural degeneracy maps 641,942 : Xn,q.N» — XN, N, defined
on the level of the moduli problems by d,1(A,¢,C) = (4,¢,C[N1]) and 642(A,¢,C) = (A/C[q],+, C/Clq]).
Consider the following Taylor-Wiles hypothesis on the residual representation p,,, : Gg — GL2(T/m) associ-
ated to m:

(TW) if p =3, then p,, is absolutely irreducible over Q(v/—3).

If ngl) 4N, 18 the subalgebra of Ty, 4 v, generated by all Hecke operators except for Uy, then a maximal ideal

m C Ty, n, also defines a maximal ideal m(@ of T%EQ’NQ by pullback along the projection Tg\q,zq’Nz — Ty, N, -

Proposition 4.3.4 (Thara’s Lemma). Let ¢ t N be any prime, and let m C Ty, n, be a non-Eisenstein
maximal ideal of residue characteristic pt2N satisfying (TW). Then the natural map

21 D0y JNUN2 [q]®2 5 g0 N2 (1 (0)]
18 1njective.
Proof. Let £ { 6Npg be a prime such that p { £ — 1 and T? — (¢ + 1)> € m; infinitely many such primes

exist by [27, Lemma 2] and (TW). Let Xn, n,(¢) be the Shimura curve defined analogously to Xy, n, but
with an additional I'; (¢) level structure, and similarly for Xy, 4w, (£); let JNN2(¢) and JN19:N2(¢) be the

5
corresponding Jacobians. The forgetful projections X, n,(£) 2 Xnyen, — Xy, n, and X, g n, (£) —

XNige,Ny — XN, g,N, induce a commutative diagram of degeneracy maps:

64,1902

JN1: N2 [p}@Q JN1g,N2 [p]

J(ézl)“ i

JN14,N2 [p]@z @y JNigt,No [p]

l(v*)m l

TN (O] o NN ()]

By [28, §3, Theorem 2] (and the end of [27] for the case p = 3), every Jordan-Holder constituent of the
F,[Ggl-module (ker j3) QF, F, is one-dimensional. The same is true of ker a since the map v* is injective
(as v has degree ¢ — 1, which is prime to p). On the other hand, every Jordan-Holder constituent of
JN1Nz2 ] ®F, F, is an irreducible two-dimensional representation because m is non-Eisenstein; so it suffices
to show that &7, : JNN2[m] — JNV1EN2[m] s injective. Indeed, the composite

JN17N2[m]692 621@6;2} JN1Z7N2[m(£)] 62’1‘*@62*2**3 JNl,Nz[

(+1 T,
Ty L+1)°
cf. [28, p. 447], which is injective because T7 — (£ + 1) & m; so a fortiori 074 JNEN2 (] — NNz [1n(0)] 45
injective, as desired. U

m] 2

is given in matrix form as

Theorem 4.3.5 (Helm). Let m C T be a non-Eisenstein mazimal ideal of residue characteristic p { 2N
satisfying (TW). Then there is an isomorphism of Ty -modules:

Hom(Jmin, J)m = ® Xo(Jrin)m

modulo Z-torsion on the Tight-hand side. Here, the tensor products are over Ty, .

Proof. If p # 3, this is [35, Theorem 8.7]. However, as explained in [35, Remark 8.12], the assumption p # 3
is used only in the level-raising arguments of [35, §7]: in particular, the application of [28, Theorem A] in the
proof of [35, Lemma 7.1], and the application of Thara’s Lemma in the proof of [35, Proposition 7.2]. Under
condition (TW), the first result still applies even when p = 3 by [27, Theorem 1]; and the necessary case of
Thara’s Lemma is given by Proposition 4.3.4 above. ]
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Remark 4.3.6. The isomorphism in Theorem 4.3.5 is subtle to describe explicitly; see [35, Proposition 8.1,
Theorem 8.5]. Tt is based on properties of character groups of modular Jacobians first studied by Ribet [64].

4.4. Shimura sets.

4.4.1. Let B = By, be the quaternion algebra over Q ramified at the prime factors of No (and possibly
00). Recall from [63, p. 369] that an oriented Eichler order (R, ¢) of level Ny in B is an Eichler order R of
level Ny equipped with a local orientation ¢, for each ¢|N. If ¢| Ny, then ¢y is the data of a maximal order
Ry C B® Qy containing R ® Zy. If £|No, then ¢, is the data of a homomorphism from R to a fixed field F:
of cardinality ¢2. In particular, for a fixed R, there are exactly two choices of local orientation ¢, for each
¢IN. An isomorphism of oriented Eichler orders (R, ¢) and (R',¢’) is an automorphism of B (necessarily
inner) carrying R to R’, compatibly with the orientations.

4.4.2. For the rest of this subsection, we assume v(N2) is odd. Then the Shimura set Xy, n, is defined to
be the set of isomorphism classes of oriented Eichler orders of level Ny in B. Because B*(Ay) has a natural
transitive action on the set of oriented Eichler orders of level Nj, choosing an oriented Eichler order (R, ¢)
as a base point identifies X, n, with the finite double coset space

(48) BX(Q\B* (Ag)/R*.
When N; and Ny are clear from context, the subscripts on Xy, v, may be omitted. We will write Z[Xn, n,]°
for the set of > a;y; € Z[X N, n,] with > a; = 0.

4.4.3. The set X x X carries Hecke correspondences Ty (¢ 1 N) and U, (¢|N), given in the double coset
description as in [19, p. 873]. We let these correspondences act on the set Z[X]° by Picard functoriality, i.e.
by identifying Z[X] with the set of formal 0-cycles Homge (X, Z). By the explicit description of the Jacquet-
Langlands correspondence in [28, p. 459], we obtain in this way a faithful action of Ty, n, on Z[X]°. The
analogue of Theorem 4.3.5 is:

Theorem 4.4.4. Let m C T be a non-Fisenstein mazimal ideal of residue characteristic p 1 2N satisfying
(TW). Then there is an isomorphism of Ty -modules:

m*®‘){£ mln

2N
modulo Z--torsion on the right-hand side. Here, the tensor products are taken over Ty,.

Proof. Choose any prime q|Na, so that v(Na/q) is even. Let T' = Ty, 4 n,/q, and write m as well for the
maximal ideal of T’ induced by the map T’ — T.

Applying Theorem 4.3.5 to the pair Nyiq, N3/q, we obtain an isomorphism of T, -modules (modulo Z-
torsion)

(49) Hom(J N 10N2/4 pNva.Na/ay ® Xy (JNraN 0V
£|N2/q

By [35, Corollary 5.3, Lemma 8.2], this implies an isomorphism of Ty-modules
(50) HOH}(JNl’NQ JN1q Ng/q) ~ ® Xg(JNl’NQ’V)7

min I’ q-new min
{IN2/q

where Jévhqevlvvg/q is the g-new quotient of JN14N2/4 in the sense of [35, p. 66]. Then, by Proposition 4.2.5,

we have
(51) (JN111,N2/11, )m ~ X (JNl N2,V n® ® X@ Nl N2’V)m-

q-new min min
¢|N2/q

By [3, Proposition 5.3], &, (JN1N2/4V) is identified with Z[Xx, n,]°. It remains to show that the inclusion

N1¢,N2/q, . . . . .
Jqnew 2/2V <y JN1a,N2/aV ipduces an isomorphism on character groups at ¢. Indeed, since the projection

JNaN2/q _y Jé\f}l%’vf,%/ ? has connected kernel, by [22, Theorem 8.2] the induced map on character groups is
surjective:

(52) (Jqu N2 /q, MY > A, (Jqu N2 /q, ).

q-new
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After tensoring both sides with Q, (52) is an isomorphism because the g-old isogeny factors of JN19:NV2/a:v
have good reduction at ¢. Since the source of (52) is a free Z-module, the surjection is an isomorphism. [

4.5. Special fibers of Shimura curves.

4.5.1. We again suppose v(N3) is even, and fix an orientation on the maximal order Op C B = By, from
(4.3.1). In this subsection, we will recall — following [63] — the geometry of the special fiber of the canonical
model of Xy, n, over Z, in two cases: ¢t N, and ¢|Ns.

Proposition 4.5.2. Suppose v(Ns) is even, and fix a prime ¢ N1No. Then:

SS

(1) The supersingular locus Xn, n,(F2)* = Xn, n,(F2)** is canonically identified with Xy, n,q. This
identification is compatible with all the Hecke correspondences Ty (€1 Ngq) and Uy (¢|N ); moreover,
the action of Frobg on Xn, n,(Fg2)®® coincides with the action of Uy on XN, Nyq-

(2) If m C Tn, N, is a non-Eisenstein mazimal ideal of residue characteristic pt2Nq satisfying (TW),
then the Abel-Jacobi map induces a surjective composite

(53) ZIX N, )’ = TN B = H (B, Ty V1)

©

such that ¢ o Uy = Frobg o .

Note in (1) that the correspondence U, on Xy, ny,q X XN, ,Nyq is the graph of the involution that reverses
the local orientation at ¢, so it makes sense to refer to the action of U, on Xy, n,q itself.

Proof. The first part is proven in [63, Theorem 3.4], but we recall the construction for use below in Proposition
4.7.12. Tf (A, 1, C) is a point of Xy, n, (Fy2)**, then End”(A4, ) is isomorphic to By, 4, and R := End(4,¢,C) C
End®(A4, ) is an Eichler order of level Ni. Moreover, R has a natural orientation at all primes dividing £| N,
which we now recall. For ¢|Ny, the local orientation is determined by the inclusion R C End(A,:), where
the latter is a maximal order.

For ¢| Ny, if my C Op is the unique maximal ideal of residue characteristic £, then A[m,] is a vector space
of dimension one over Op/my ~ Fy2, where the isomorphism is chosen according to the orientation of Op.
The action of R on A[my] therefore defines a homomorphism R — Fy2, which we take to be the orientation
of R at /.

Finally, the Lie algebra of A is a IFTz—vector space of dimension 2, on which R acts by scalars valued in F g,
cf. [63, p. 24]. This defines a map R — F,2, which we take to be the local orientation at ¢q. Thus for every

(A,1,C) € XN, N, (Fg2)*®, we have described an oriented Eichler order of level Ny in By,q, well-defined up
to the choice of isomorphism EndO(A7 t) =~ Bpy,q, 1.€. up to B]qu(@)—conjugacy. This describes a map

XN1=N2 (FqQ)SS - XN17N211’

and [63, Theorem 3.4] shows that this map is an isomorphism.

The Hecke compatibility for operators coprime to ¢ is clear from the construction. We can also see that
replacing (A, ¢, C) by its Frobenius twist has the effect of switching the orientation of End(A,:,C) at g,
which is precisely the action of U; on Xy, n,q- In particular, Frobg acts trivially on Xy, n,(Fg2)%*, so all
the supersingular points are in fact defined over IF 2, which shows (1).

For (2), the identity ¢ o U; = Frobgo¢ follows from (1). We claim the surjectivity follows from the
proof of [48, Proposition 4.8] (replacing the Shimura curve therein with its compactification when Ny = 1),
although op. cit. imposes the additional assumptions [48, Assumption 4.1(1)-(5)] on p and p,,.> Indeed,
these conditions are used only thrice in the proof of [48, Proposition 4.8]: first, to establish Thara’s Lemma
[48, Lemma 4.7], which in our case is Proposition 4.3.4; second, to deduce that HY (XNhNqu,Fp)m =0,
which only requires that m is non-Eisenstein; and, third, to control the action of the Hecke operator denoted
Sp in [48, p. 2100], which is unnecessary in our context since all our Shimura curves have I'o(N7) level
structure.

O

3In [48, Definition 4.5], it is also assumed that ¢ Z 1 (mod p), but this is not used in the proof of Proposition 4.8 of op.
cit.
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4.5.3. Now suppose instead that ¢|Na. The Shimura curve Xy, n, has a canonical, semistable integral model
XN, Na,z, Over Spec Z,. We denote by ij\t,l Ny /q the set Xy, n, /g X {£}

Proposition 4.5.4. The set of irreducible geometric components of the special fiber XNy, No F, ofXNthzq 18
canonically identified with Xﬁl Na/q' Each component is defined over F2, and the Frobenius action switches
the sign without changing the value in Xy, n,/q-

This identification is compatible with all the Hecke correspondences Ty (¢ 1 N) and Uy (¢|N, £ # q);
moreover, the induced action of U, on Z[Xﬁl,NQ/q] > ZIX N, Ny jq)” i given by the matriz

(v )
qg 0)°
Proof. This follows from [63, Theorem 5.4], but once again we recall the construction for use in Proposition
4.7.13 below. First, [63, Theorem 5.3] identifies the set of irreducible components with the set of so-called
pure triples (4, ¢, C), where A is a superspecial abelian surface over F 2 with an embedding ¢ : Op — End(A)
and C' is a I'g(NN1)-level structure. The purity condition means that Op acts on the 2-dimensional IF2-vector
space Lie A via scalars, i.e. through a homomorphism Op — F2. Since Op is given with an orientation at g,
we say a pure triple is of type + if this homomorphism agrees with the orientation, and of type — otherwise.
Now for any pure triple (A4,:,C), EndO(A, t) is isomorphic to By, /4, and End(A, ¢, C) is canonically an
oriented Eichler order of level Ny in End®(A, ). (The orientation is defined as in the proof of Proposition
4.5.2.) Thus we have a well-defined map from the set of irreducible components to Xﬁh NaJq® sending a pure
triple (A, ¢, C) of type § € {£} to (End(A4,,C),d). This map is an isomorphism by [63, Theorem 4.13], and
the Frobenius action is described in the following remark of op. cit. The Hecke equivariance is clear away
from ¢, and the action of U, is described in [3, Proposition 5.8(2)]. O

4.5.5. Let ® be the component group of the special fiber of the Néron model of J¥:N2 over Z,.

Proposition 4.5.6. Suppose m C Ty, 4 n,/q 5 a non-Eisenstein mazimal ideal. Then we have an isomor-

phism
ZIXY, Ny/ol
4 1,N2/q ~ P

with the following property: for all degree-zero divisors y = 3 a;y; on Xn, n,,0, such that each y; lies in
XN, N, (Qq2) and reduces to a smooth point of XNl,N%]qu lying on the component y,, (54) sends the class of
Y- a;y; to the image in P of [y] € JNN2(Qg2). Moreover (54) is compatible with the action of all Hecke
operators Ty (€1 N) and Uy (¢|N ), where the U, action on the left is via Proposition 4.5.4.

Proof. This is [3, Propositions 5.13, 5.14]. |
4.6. Geometric level raising.

46.1. Let f, N, p, O, E, 7, V§, Ty, and Wy be as in §1.6. We also fix a factorization N = N;N,, where
N7 and N; are coprime, and Ny is squarefree. If QQ and @)’ are coprime squarefree positive integers, then we
abbreviate ’]I‘g, = Tn,o0, N2Q's omitting any _superscript or subscript which is equal to 1. From now on, we
will abbreviate T} := Ty /77 and O, = O/n’? for any integer j > 1.

Definition 4.6.2. We say a prime ¢ t 2pN is j-admissible with sign ¢, € {£1} if a,(f) = €,(¢ + 1)
(mod 77) and ¢ # 1 (mod p). In this case, T; has a unique subspace Fil(‘;sq T;, free of rank one over Oj,
on which Frob, acts as ge;,. We will omit the subscript €; when there is no risk of confusion. We say ¢ is
weakly admissible with sign ¢, if it is j-admissible with sign ¢, for some j > 1. A weakly admissible
pair {Q,eq} is an ordered pair of a squarefree number @) and a function eg : {¢|Q} — {£1} such that ¢
is weakly admissible with sign eg(q) for all ¢|@. If {Q,eq} is a weakly admissible pair, then for all ¢|@,
there is a unique root u, € O of the polynomial y? — ya,(f) + ¢ such that u, = eg(q) (mod p). We view
O as a T%-algebra by letting U, act through u,, and letting the other Hecke operators act through their
eigenvalues on f; let mg‘g be the associated maximal ideal (we will usually drop the superscript). Finally, a
weakly admissible pair {Q, eq} is called j-level-raising if

lgo (Tg ®re O) > j.
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Here the map T9 — T¢ is the natural surjection.

Remark 4.6.3. If {Q,€q} is j-level-raising, then each ¢|Q is j-admissible with sign eg(g). Indeed, in Tq
we have UZ? = 1 for each ¢|Q, but U, acts on O by the unique root of y* — yaq(f) + ¢ congruent to eq(q);
hence aq4(f) = €g(¢)(g+1) in Tg ®7e O.

4.6.4. In light of the structural similarity of Theorems 4.3.5 and 4.4.4, let
(55) Mo = {HOHI(JNLNQQv JNl’N2Q)7 v(N2Q) even,

min

Z[XleNzQ]Oa V(NQQ) odd.
Lemma 4.6.5. Suppose {Q,eq} is a weakly admissible pair, and let

C= Z ord, (¢ —1).
Z‘Nz
Tf unram at £

Then there exists an O-module map
Mg ®10 O = T ®re O

with kernel and cokernel annihilated by ©°; in particular, WC(MQ ®re O) is cyclic of length at least
lgon (T ®@re O) — 2C.

Proof. We may assume that mg C T? descends to Tg. Now, by Theorem 4.3.5 or Theorem 4.4.4 (depending
on v(N2Q)), we have
Mang = @ X (1Y)

{IN2Q
modulo Z-torsion on the right. Lemma 4.2.6 implies that there exists a collection of Tg-module maps

G : MQJ“Q - TQ’va (e TQmQ - MQ,va i=1,.. ~»2D(N2)

such that
pioth; =1 0¢; =t; € Tgme C End(Mg m,)
and
it tpon =[] (€=1) € Tome-
(N

T‘f unram at ¢

Since O is a discrete valuation ring, we may choose some ¢ such that the image of ¢; in Tg ®re O divides
7¢. Then ¢; and 1; induce @-module maps

MQ (ko) 0—>TQ (2 o) 0, TQ Xrae O—>MQ Xrae (@)

whose composition in either direction is multiplication by a divisor of 7€, which implies the result. (|

The following corollary is not needed for geometric level raising, but will be used later in the construction
of bipartite Euler systems.

Corollary 4.6.6. Let {Q,eq} be a weakly admissible pair that is (j+2C)-level raising, and suppose v(N2Q)
is even. Then there exists a map of T?[Gg|-modules

(56) Tng IV V29 = T

that factors through Tj+c — T and is surjective after O-linearization, and this map is unique up to multi-
plication by a unit scalar.

Proof. Write Tg ®re O = O/7M for some M > j + 2C. Note that
(57) Tong JALNC @uo O = Ty =Ty /7™M,

MmQ “min
indeed, they are both free of rank two over O /7™ by Proposition 4.2.3, so (57) follows from [15, Théoréme
1] and the Eichler-Shimura relation

Frob? —T; Froby +£ = 0 on Ty, JY2N29 Wit Np.

mg “min
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By (57) and Proposition 4.2.5, we have
Two JNeN2@ @0 0 = Mg ®Tq (TmQ ']I]r\lfiln,NZQ ®Ta O)

= MQ ®']I'Q Thr.

The corollary now follows from Lemma 4.6.5 and the absolute irreducibility of T'¢.

Theorem 4.6.7. Assume T'; satisfies (TW).
(1) If {Qq,eqq} is a weakly admissible pair, then

TQ Rra O
80 (Taq ®ras 0) 2 lgo ((aqm @@t 1))) o

where C is the number of Lemma 4.6.5.
(2) If {Q,eq} is a weakly admissible pair such that g is j-admissible with sign eg(q) for all q|Q, then

{Q,eq} is (j —v(Q) - C)-level-raising.

Proof. (2) follows from (1) by induction, so we prove (1). In the proof, we will abbreviate ¢; = egq(q).
There are two cases, depending on the parity of v(NoQ).

Case 1. v(N>Q) is even.
Let us abbreviate J@ = JN1:N2Q and J9 = JNM2Q  Copsider the composite

Mg, H' (Fpe, T, J9) T I

~ M Mm@ “min
(Uqg — €q) ” (Frobg —¢4) Qime ®Tq.mg (Frobg —¢4)

induced from Proposition 4.5.2(2) and Proposition 4.2.5. Since Th,, Jn?in is free of rank two over Tq ., and
Frob, acts with the characteristic polynomial Frobg —T, Frob, +¢ (whose roots are distinct modulo mq), we
may fix an identification
mQ “min
(Frobg —€q) — (Tq — €q(q+ 1))
of Tq,mo-modules. Using the Hecke compatibility from Proposition 4.5.2(1), we obtain a map
O

(ag(f) —€eqlq + 1)’

Tog e TQme

Mgq ®raq O = Mg Rta

hence (by Lemma 4.6.5) a map
@)
(aq(f) = €q(q+1))
with cokernel annihilated by 7. Since the action of T®? on Mgq factors through Tgq,, we conclude
Tg ®re O ) _
(aq(f) — €q(qg+ 1))

Mgq ®@10d O = Tg ®1a

lgo (Toq @red O) > 1go (

Case 2. v(N2Q) is odd.

q
vaQq

. T, —€ -1
MQ,mQ ®rg (Té/lm( q . q _Gq)> ’

with U, acting by €, factors through Tgg m,,.- Hence the action of TqQ on
@
(ag(F) — eqla + 1))
likewise factors through Tq, (again with U, acting by ¢;). By Lemma 4.6.5, A has a T{,-module map to
To ®re O
(ag(f) — €q(g +1))

with cokernel annihilated by 7€, from which the result follows as in Case 1. ]

By Proposition 4.5.6, the action of T on

A= MQ (ko)
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Remark 4.6.8. If {Q,eq} € N in the notation of (3.2.2), then for F-many n there is a corresponding weakly
admissible pair {Qp,€q, }, where (Qn)nen is a sequence representing Q. To be precise, if Q = {q1,...,9,},
we choose sequences (q"),en representing each q;; for F-many n, the product @, = ¢} - - - ¢7, equipped with
sign function eq, (¢I') = €q(qi), forms a weakly admissible pair {Qn,€q, }. It follows from the definition of
N and from the theorem that, for any j > 0, there exist §-many n such that the pair {Qn,¢€q, } is j-level-
raising. We say that a sequence of weakly admissible pairs {Qn, €, } (defined for §-many n) represents the
pair {Q, eq} if it is obtained from this construction for some choice of representatives (¢}*)nen.

4.7. CM points.

4.7.1. Let us now fix an imaginary quadratic field K C Q, and a positive integer N = NtN~ such that
every prime factor of N* is split in K, and N~ is a squarefree product of primes inert in K. Let B = By
be the quaternion algebra over Q ramified at the factors of N, and possibly co. For each ¢|N, we have a
fixed embedding K < Q — Q,. If /|N*, this determines a distinguished prime [ of K above £. We write
[¢ for its conjugate. If ¢|N~, this determines a distinguished isomorphism O /¢ ~ F2. Finally, for each
positive integer m, let O,, k C Ok be the order of conductor m.

4.7.2. Assume v(N ) is even, and again fix an orientation on the maximal order Op of B from (4.3.1).

Definition 4.7.3. Let m be a positive integer coprime to N, and write K[m] for the ring class field of
conductor m. The set of (positively oriented) CM points of conductor m,

CMy+ n-(m) C Xn+ n-(K[m]),

is the set of triples (4, ¢, C) over K[m] admitting an isomorphism O,, x — End(A, ¢, C) such that:

(1) The action of Oy, k on the K[m]-vector space Lie A is through the natural inclusion O, x C K C
K[m].

(2) For all primes {|Nt, O, k @ Zy = Ok 1 X Ok 1 acts on the (-primary component Cy C C' through
the projection to Ok ;.

(3) For all primes ¢{|N—, let my C Op be the unique maximal ideal of residue characteristic /. Then
Almg)(K[m]) is a rank-one vector space over Op/my ~ Fj2, where the isomorphism comes from
the orientation of Op at . We require that the action of O, x/¢ = Ok /¢ on this vector space
correspond to our distinguished isomorphism O /¢ ~ Fy2.

4.7.4. If A is an abelian variety, any element v € (End(A) ® A;)™ defines an abelian variety A, with a map
f+ A, — Ain the isogeny category of abelian varieties such that f.(7;A,) = v,T¢A for all £. In this way,
we obtain a canonical action of

Pic Oy ic = KX\AT /O
on CMpy+ n-(m). We denote by
(58) rec : Gal(K[m]/K) — K*\A /O

the reciprocity map of class field theory, normalized so that uniformizers correspond to geometric Frobenius
elements.

Proposition 4.7.5. (1) Via the reciprocity map, the action of Gal(K[m]/K) on CMy+ ny-(m) agrees
with the action of KX\A;’K/@::L’K described above.
(2) CMn+ n-(m) is a torsor under the action of Gal(K[m]/K).

Proof. Part (1) follows from Shimura’s reciprocity law. For (2), see the discussion in [83, p. 55]; it is an
elementary exercise using the complex uniformization of X+ n- to see that our definition of the positively
oriented CM points of conductor m agrees with the adelic description given in loc. cit. (Recall that any
C-valued point of X x+ y- admitting extra endomorphisms by Oy, x is automatically defined over K[m].) O
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4.7.6. Now assume that v(N ) is odd. In this case, we fix an embedding K — B.

Definition 4.7.7. Suppose m is coprime to N. Then CMy+ y-(m) is defined as the set of isomorphism
classes of oriented Eichler orders (R, ¢) of B of level N* such that:

(1) RNK = Oy k-

(2) For all primes {|NT, let Ry D R ® Z; be the maximal order determined by ¢, and choose an
isomorphism Ry ~ Ma(Z). If ¢¥||N, then R ® Z, C M2(Z,) is the stabilizer of a subgroup C' C
(Z/¢F)? with C ~ Z/¢*, and we require that the multiplication action of O,, x on C is given by the
projection Oy, i /% — Oy, i /1*.

(3) For all primes ¢|N—, let my C R be the unique maximal ideal of residue characteristic £. Then
we require that the isomorphism O,, x/¢ = R/m; ~ Fy2 determined by ¢, agrees with the fixed
isomorphism O /¢ ~ Fy chosen above.

Here the equivalence relation is conjugation by K*. (Properties (1)-(3) are not stable under conjugation by
B*(Q).)
Notice that CMy+ y-(m) comes equipped with a natural projection map

(59) CMN+,N—(m) _>XN+,N—~

4.7.8. We define an action of Gal(K[m]/K) on CMy+ y-(m) as follows: for o € Gal(K[m]/K) and (R, ¢) €
CMy+ n-(m), let o - (R,¢) be the Eichler order rec(o)Rrec(c)™* N B(Q), with the induced orientation.
(Here rec is as in (58).)

Proposition 4.7.9. Suppose m is coprime to N. Then CMy+ n-(m) is a torsor for Gal(K[m]/K).

Proof. 1t is clear that Gal(K[m]/K) acts with trivial stabilizers on CM y+ n-(m), so we will show transitivity.
Let (R, ¢) and (R', ¢') be two elements of CMy+ y-(m). Since the orientations ¢ and ¢’ are determined by
properties (2) and (3) of the definition of CMy+ y-(m), it suffices to show that there exists k € A} ;- such
that

kR'k~' = R.
We do this by working locally at all primes ¢. To ease notation, abbreviate
Ry=R®Zy, Ry=R ®%Zy, Bi=B®Qp, Onx0 =Omx @ Ly, Ko =K ®Qy.

Suppose first that £ N. Because RNK = R'NK = O,, k, [23, Lemma 6.2] implies there exists k, € K, such
that ke R)k, ' = Ry. For {|N~, the maximal order in By is unique, so R, = Ry. For {|NT, let j = ord,(N*),
and fix an isomorphism By = M>(Qp) that identifies O o with

(Zof ZOZ> C Ma(Q).

Eichler orders of level ¢/ in By are all of the form End(L;) NEnd(Ls), where Ly C Ly are lattices in Q7 with
Ly/Ly ~ Z/PZ. If End(L) contains O, k¢, then L is of the form Z, & ¢"Z, (up to homothety), for some
n € Z. The possible Eichler orders of level ¢/ containing Om, k¢ are therefore

Zy 0~ "Zy
(£n+ng Ze ), n € 7.

These are evidently all conjugate by diagonal matrices, so we may choose k; € K, such that kngkL,_l = Ry.
Setting k = Hsz* k¢, we have
kR'E™' = R.
|
Remark 4.7.10. We will soon be varying N~ (keeping K and NV fixed). The choices made in the definition

of the CM points — i.e. the oriented maximal order Op if v(N7) is even, and the embedding K — B if
v(N7) is odd — will be considered to be fixed, once and for all, for each possible N~.
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4.7.11. In the remainder of this section, we recall the geometric ingredients for the explicit reciprocity laws
originally studied in [3].

Proposition 4.7.12. Suppose v(N ) is even. Let m be coprime to N, and let gt Nm be a prime inert in K,
with q a prime of K[m| above q. Then there is an isomorphism tx+ n- 4 : CMpy+ n-(m) = CMpy+ y—,(m)
of Gal(K[m]/K)-torsors fitting into a commutative diagram:

CMp+ n-(m) Xn+ n-(K[m])

ltzw,zv—,q lRedq

CMN+’qu(m) —_— XNJF,N*q L} XNJF,N* (FqQ)SS —> XN*,N* (FqQ).

Proof. Choose any (A,:,C) € CMy+ y-(m), and let (Ag,t9,Cp) denote its reduction modulo q. Since
q is inert in K, Ay is supersingular. Moreover we have a distinguished action Oy, x — End(Ay, to, Co)
coming from the reduction of the complex multiplication. Choose an isomorphism EndO(AO, t0,Co) ~ By,
identifying the corresponding embedding K < EndO(Ao, 1o, Cp) with our fixed inclusion K < By-,. The
choice of this isomorphism is unique up to K *-conjugacy. Therefore End(Ay, tp, Co) yields a well-defined
point of CMpy+ n-,(m) — note that conditions (2) and (3) of Definition 4.7.7 are satisfied by conditions
(1), (2) and (3) of Definition 4.7.3, where the orientation on End(Ag,tp,Co) is defined in the proof of
Proposition 4.5.2. This defines the map ty+ y- 4, and it is Galois-equivariant by Proposition 4.7.5(1).
Since the Gal(K[m]/K)-action is simply transitive on both CMpy+ n-(m) and CMy+ n-4(m), tny+ n-g 1S
automatically an isomorphism. The commutativity of the diagram follows from the construction in the proof
of Proposition 4.5.2. |

Proposition 4.7.13. Suppose v(N ™) is odd. Let m be coprime to N, and let g t 2Nm be a prime inert in K,
with q a prime of K[m] above q. Then every point of CMy+ n-4(m) lies in Xn+ n-q(K[m])°™, the subset
of points which reduce modulo q to smooth points of the special fiber. Moreover, there is an isomorphism
SN+ N-q : CMpy+ n-g(m) = CMy+ y—- of Gal(K[m]/K)-torsors fitting into a commutative diagram:

CMN+7N7q(m) E— XN+,N7q(K[m])Sm
[ .

CMNJr’N— (m) (GO x{+} X]%/+7N*'
Proof. That each point of CMy+ y-4(m) has smooth reduction modulo q follows from [3, p. 55]. For the
rest, let (A, ¢, C) be a point of CMy+ y-4(m), and (Ao, to, Cop) its reduction modulo q. Since (Ag, 1o, Cop) is a
nonsingular O f,,1/q-valued point of the special fiber, by [63, Proposition 4.4, Theorem 5.3], there is a unique
OBqu—stable subgroup scheme H C A which is isomorphic to aq; since H is unique, it is automatically
O i-stable as well. Let 7o and Cp denote the induced (’)Bqu—action and To(NT)-structure on Ag/H.
Then (Ao/H, 7o, Cy) is a pure triple over Okim)/q =~ Fg in the notation of the proof of Proposition 4.5.4,
and the irreducible component of the special fiber of Xy+ y-, containing (Ao, ¢, Co) is parameterized by
the g-Frobenius twist (Ag/H,7y,Co)@. As in the proof of Proposition 4.7.12, the induced O,, g-action
on (Ag/H)@ allows us to view End(Ag/H,7,Co) as a point of CMy+ y-(m), and the resulting map
CMpy+ n-q(m) = CMy+ n-(m) is then an isomorphism of Gal(K[m]/K)-torsors.

To finish the proof, we must show that (Ay/H, 7o, Co)(? is pure of type +, or equivalently that (Ag/H, 7y, Co)
is pure of type —. By [63, Proposition 4.7], it suffices to show that H is of type + in the following sense: if M is
the Dieudonné module of Ay[¢°°], then H corresponds to a submodule N' C M containing (F, V) M; we wish
to show that OBN—q acts on the one-dimensional F2-vector space M /N by the map OBN—q = Fpe CFpe
determined by the fixed orientation.

Let A denote the Néron model of A over Spec Okl q, With special fiber Ag. Now, M/FM is dual to
Lie Ag = Lie A ® Og[m)/q, and O, k acts on Lie A by the canonical embedding O,k — Okm),q (using
the orientation condition of Definition 4.7.3(1)). Hence O,, x acts on M/FM via the reduction map to
Om,k/q >~ Fp2. Because M /F M surjects onto M /N, it then suffices to show that the actions of Os,_,/mq
and Oy, i /q on M /N coincide under the fixed composite isomorphism (’)Bqu/mq ~ Fp ~ O, k/q. For
this, it suffices to show the same compatibility for the actions on the finite flat group scheme A[m,]; these
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actions coincide over the generic fiber of Spec O[] q by Definition 4.7.3(3), and so the desired compatibility
follows from [61, Corollaire 3.3.6] under the assumption g # 2.
O

5. CONSTRUCTION OF BIPARTITE EULER SYSTEMS

5.1. The CM class construction.

5.1.1. Fix a quadratic imaginary field K C Q, and let f, N, p, O, E, =, Vi, Ty, and W; be as in §1.6, such
that Ty satisfies (TW). We assume that N admits a factorization N = NTN~, where all £/|]NT are split in
K, and N~ is a squarefree product of primes inert in K. We continue the notation of §4.6 (using Ny = N*
and No = N7). Fix an integer m which is coprime to N, and let G,,, = Gal(K[m]/K). If ¢t m is a prime
inert in K, we fix a prime q of K[m] above ¢; for instance, this can be done by choosing an embedding
K[m] = Q. If ¢ is j-admissible with sign ¢, and inert in K, we define the ordinary subspace:

(60) H!

ord,eq

(Kq, Ty) = im (H (K, Filf, 1) = H' (K, Ty)
Using the map obtained from Shapiro’s Lemma (e.g. [72, §3.1.2])
(61) Res, : H' (K [m],Tj) — Homget (G, H' (K4, T})),
we also have maps:
Og.e, : H'(K[m],T;) — Homset (G, H' (I, Fil] T})) = O;[Gn],

locg,e, - H'(K[m]”/K[m],T;) = Homget(Gm, Hop, (Kq, Tj/ Fil} T))) = O;[G], £ C My finite, ¢ ¢ 3,
defined as in (23), (24).

For notational convenience, for this section only we temporarily denote by A/ the collection of weakly
admissible pairs {Q, eg} which are (j + 2C)-level-raising, and such that all primes ¢|@Q are odd and inert in

K. Let ¥ be the set of primes of Q dividing Npoo, and for any squarefree integer @, let ¥ be the set of
primes of Q dividing NpQoo.

Construction 5.1.2. For all {Q,eq} € N, there exist maps (well-defined to a unit scalar):
k(- Q,€q) : CMpy+ n-o(m) — H (K[m]”e /K [m], T}), v(N~Q) even,
Ai(+Q,€eq@) : CMy+ n-g(m) — Homge (G, O;) = O4 (G, v(N~Q) odd,

compatible under the natural reduction maps for ' < j, Gal(K[m]/K)-equivariant, and such that the follow-
ing properties hold.

(1) If {Q,eq} € Nj where v(N~Q) is even, then for all q|@ and all y € CMpy+ y-g(m),
Resq(ﬁj (y7 Q7 6Q)) € Homset(Gm7 ngd,EQ(q) (KlP TJ)) - HOmSet(Gm, H1 (Kq7 Tj))
(2) If {Qq,eqq}t . {Q,eq} € N; where g = €qgqlg and v(N~Qq) is even, then there is an isomorphism
i: Hl(Iq,Fﬂ;L’qu(q) T;) ~ O; such that, for all y € CMp+ n-gq(m),
i (Dgeqqu(ti (¥ Qa. €0q)) = Nj(sn+ n-.q(¥), Q €q)-

Here sy+ n-Q.q : CMy+ nN—0q(m) = CMy+ n-g(m) is the map of Proposition 4.7.135.
(3) If {Qq,eqq}t . {Q.cq} € Nj where eq = €qqlq and v(N~Qq) is odd, then there is an isomorphism

i H&nr(K(ij/Fﬂ—i_ T;) ~ Oj such that, for ally € CMy+ n-g(m),

a.eqq(a) 7
i (10¢q.co,(q) (K3 (y, @ €qQ)) = Nj(tn+ n-Q.q(Y), RY; €Qq)-
Here tx+ n-g.q : CMy+ N-g(m) = CMy+ n-qq(m) is the map of Proposition 4.7.12.

Proof. The specifications eg will be dropped to ease notation. We fix throughout a prime ¢y + Nmp such
that ag, (f) — €o — 1 is a unit in O; the dependence on £; is by a unit scalar, so we can assume without loss
of generality that ¢p 1 @ for (1) and ¢y 1 Qq for (2), (3).
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Suppose first that ¥(N~Q) is odd. By Lemma 4.6.5, there is a unique map (up to scalars) Mg — O, of
T®-modules that factors through Oj+c and is surjective after O-linearization. For y € CMy+ y-¢g(m) and
g € Gy, we define \;(y, Q)(g) to be the image of gy by the composite map

Ty —Lo—1
CMNJF’NfQ(m) — XN*,N*Q _— MQ — Oj.

(The notation Mg was defined in (55).)

Now suppose that v(N~Q) is even. For each y € CMy+ n-¢(m), (T, — o — 1)y is a degree zero divisor
on Xn+ ny-q, and its image in the Jacobian J® is defined over K[m]. Let

d(y, Q) € H'(K[m]™? /K[m], TnyJ?)
be the Kummer image. We define x;(y, Q) to be the image of d(y, Q) under the map
H' (K[m]*?/K[m], Tng J?) — H' (K[m]** /K[m], T)

induced by Corollary 4.6.6.

We now establish properties (1)-(3).

(1) Let X = X,(J9) be the character group as in (4.1.1), and let XV := Hom(X,Z). Because J¢ is
Jﬁ}NﬁQ over Q by [35, Corollary 2.4], X ® Q is isomorphic to
Xq(Jr]r\fiI’NiQ) ® Q as a Tg[Froby|-module; in particular, Froby acts on X as U, by [64, Proposition
3.8]. Since XV ® @; is p-divisible and Frobi =1 on X, the exact sequence in Proposition 4.1.2(1)
induces a Gal(K,/Q,)-equivariant commutative diagram of Kummer maps

Hecke-equivariantly isogenous to

1.gl(')(v@[(qx)/pn — = HY (K, XY @ Zy(1))

| l

lim (JO(K,)) /p" ——— H'(K,, T,J9),

where the right vertical map is induced by the injection of Tg[Gg,]-modules XV ® Z,(1) < T,J%
from Proposition 4.1.2(3). Completing at mg, we conclude that the image of the Kummer map
J(Ky)mg = H'(Ky, Tng J?) coincides with the image of the map H* (K, Xy, (1)) = H'(Ky, Tng J<)
coming from the short exact sequence of Tq m, [Gg,]-modules

0= Xply(1) = Ty J? —= Xy = 0.

On the other hand, XY o (1) and &y, have Frobg-action through the scalars ge, and €4, respectively,
where ¢; = €g(q). Hence the O-span of the image of Ay (1) under the map of ']I‘gQ [Ggl-modules
Tg JO — T} is Fil;r Tj;, and the claim follows since, for g € G, Resq £;(y, Q. €0)(g) is the image of

a point of J?(K,) = J?(K[m],) under the local Kummer map.
(2) By the reasoning of (1), we have a map

a: JQq(Kq) - H&rd(K%Tj) - Hl(quFﬂ; 1;)

such that 0q(k;(y,Qq))(g) = a((Ty, — lo — 1)gy) for y € CMpy+ n-¢q; also, a factors through
H(I,, Fil;z|r Tj+c) and is surjective after O-linearization.

Let ® be the component group of the special fiber of the Néron model of J?7 over Zq. Applying
the snake lemma to the diagram in Proposition 4.1.2(2), we see that the specialization map Sp, :
JQa (K,4) — ® is surjective, and the pro-p part of its kernel (if nontrivial) has Frob,-action through
—U, since p { ¢ — 1. Meanwhile, Hl(Iq,Fil;r Tj+c) has Frobg-action through e, = €gq(¢); hence «

mQq

factors as @o Sp,, for a map @ : Ppy, — Hl(ImFil; T;) ~ O, that factors through O, ¢ and is
surjective after O-linearization.

By Proposition 4.5.6 and the formula for the Uj-action in Proposition 4.5.4, restricting the map
(54) to the “+” components defines a surjection 8 : Mg m, — Pm,, which is equivariant for all
Hecke operators Ty with £ { NQq and U, with ¢|NQ. Applying Propositions 4.5.6 and 4.7.13, we
also have

B ((Tey — o = Dsn+ . n-q.q(y) = Spy (Te, — 4o — 1)y)
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for all y € CMy+ n-gq- By the Chebotarev density theorem, cf. [81, p. 491], Tg m,, agrees with the
analogous Hecke algebra without the operator Tj, so Lemma 4.6.5 then shows that @ o 8 coincides
up to a unit scalar with the map Mg m, — O; used to construct \;(y, Q). Hence (2) follows.

(3) By Proposition 4.7.12 and the local-global compatibility of the Abel-Jacobi map,

locg £ (y, Q)(g) € Hyp(Qqz, Tj/ Fil} T;) = H (Fp2, T,/ Fill T))
is the image of ty+ n-¢ 4(gy) under the composite map

Tpq—Lo—1 (53)

CMy+,n-Qq(m) = XN+, N-Qq Maq HY(F g2, Tng J9) —
H'(Fp2,Tjyc) » H' (Fp2, Tj) - H'(Fg2, T,/ Fil} Ty).

We claim it suffices to show the composite
¥ Mgg — H' (Fg2, Tjpc/ Fill Tjo) = Oj ¢

is equivariant for the full Hecke algebra TquQq; indeed, by Lemma 4.6.5, the composition of ¥ with
the reduction map Oj1c — O, will therefore coincide (up to a unit scalar) with the map used to
construct \;(y, Qg), which will give (3). The equivariance for all Hecke operators prime to g is clear,
so we wish to show

(63) YoUy = eq1p,
where again €, = €g,(q). Now, the map ¢ : Mg, - H'(F,, Tg J?) satisfies ¢ o U, = Frob, o ¢ by
Proposition 4.5.2(2). Also, the maps
H'(Fg2, T J?) = H' (Fp2, Tjrc) > H' (Fg2, Ty / Fil] Tjic)
are maps of Gal(F,2/F,)-modules, and the latter map projects onto the ¢, eigenspace for Frob,.
Hence (63) holds, as desired.
([l

Remark 5.1.3. In the special case @) = 1, Construction 5.1.2 can be described more simply. First, let Ay be
a representative of the isogeny class of abelian varieties of GLo-type associated to f; we can and do assume
Endg(Ayf) = Oy. Then Ty is realized as T, Ay ®0, ¢z, O.

When v(N7) is even, there is a modular parametrization ¢ : JNTNT Ay; we may assume without
loss of generality that the induced map ¢, : T J™ TNT Ty is surjective after O-linearization, and that
the map T NN T; used in the construction of x;(-,1) is the reduction of ¢, modulo 7/. Then for
all y € CMpy+ n-(m), k;(y,1) is the image of ¢ ((Ty, — ¢o — 1)y) under the Kummer map Ay(K[m]) —
H'(K[m], Af[¢7]) = H'(K[m], T;).

Similarly, when v(N7) is odd, there is a Hecke-equivariant map ¢ : Z[X y+ ~-]° = O corresponding to
the realization of f as a quaternionic modular form on B},_. Without loss of generality, ¢ is surjective
after O-linearization, and \;(y,1)(g) = ¢ ((Ty, — o — 1)gy) (mod 77) for all y € CMy+ y-(m) and g €
Gal(K[m]/K).

5.2. p-adic interpolation.

5.2.1. Suppose for this subsection that:

(spl) p splits in K
and
(ord) a(f) & p.

We denote by K, C K[p™] the mth layer of the anticyclotomic Z,-extension K /K.

Proposition 5.2.2. Suppose Q) is a squarefree product of primes inert in K. Then there exists a sequence
y(m) € CMy+ n-q(p™) such that

Tpy(m) = trgpmi1y/kpm y(m +1) +y(m —1), ¥Ym > 1,

as formal sums of points on Xn+ n-q-
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Proof. This is a standard calculation, but we give a sketch of the proof for lack of a precise reference. The
set

CMpy+ n-@(P™) = Umn>0 CMn+ n-o(p™)
carries a natural Hecke correspondence T),, compatible with the action of Gal(K[p>]/K) and with the map
CMpy+ N-@(»>*) = XN+ n-¢- If yis a CM point of conductor p™ with m > 1, then (since p is split in
K) T,y contains a CM point of conductor p™~!, and another of conductor p™*!. Since T}y is fixed by
Gal(K[p™T1]/K[p™]), the proposition follows formally. O

5.2.3. Suppose given any {Q,eq} € N, and let {Q,,¢€q, } be a representative sequence of weakly admissible
pairs as in Remark 4.6.8, with each @,, a squarefree product of primes inert in K. For each n, let y(m),, €
CMn+ n-0, (p™) be a sequence of CM points which are compatible in the sense of Proposition 5.2.2.

Qn
m

Since T}, ¢ m, Hensel’s Lemma implies that the Hecke algebras Ty, |

such that u? — uT}, + p = 0. Let a, € O be the image of u.

contain a (unique) element v ¢ mg,,

5.2.4. We now suppose that |Q| + v(N7) is even. Adopting the notation of Construction 5.1.2, it follows
from the compatibility relation of the y(m), that the classes

d(m,Qy) = Coresgpm|/K,, (u_m+1d(y(m)n, Qn) —u” " Resgpm)/ kpm-1) d(y(m — 1)y, Qn))
are compatible under the corestriction maps
HY (Ko, T, J9) = H (K1, Ty, J97)

mg,
for m > 2. Let x;(m, @) be the image of d(m, @,,) under the map of Corollary 4.6.6; this is well-defined for
§-many n depending on j, and the classes k;(m, Q,) are again compatible under corestriction. Let S C Mg
be the set of constant ultraprimes v such that v| Npoo, and, for each m, let (SUQ),, C Mg, be the preimage
of SU Q under the projection Mg, — Mg. We let

K(Q) € lim H (KE9m /K., T)) = H! (K5 K, Ty © A(T))

m,j
be the class represented by the family x;(m, @), where the isomorphism follows from Shapiro’s Lemma.
5.2.5. Similarly, if |Q| + v(N ™) is odd, the elements

Aj(m, Qp) = a;’”"‘l)\j(y(m)n, Qn) — a;m)\j(y(m —1),,Qn) € O;[Gal(K[p™]/K)]

are compatible under the natural projection maps

O;[Gal(K[p™]/K)] — O;[Gal(K [p" ]/ K)).
Applying the projection Gal(K[p™]/K) — Gal(K,,/K) for each m, we then obtain an element

AQ) € limi ({O;[Gal(K,, /K)]}, o) =~ OfGal(Ku /K)] =~ A.

m,J
Remark 5.2.6. If v(N7) is even, then (1) is identified under the isomorphism of Proposition 2.4.10(1)

with the usual interpolated Heegner class, which also appears in [8, 37, 58]. If ¥(N ™) is odd, then A(1) is
the usual anticyclotomic p-adic L-function, e.g. the one denoted O, in [20].

5.2.7. Recall the Selmer structure (Fa,S) for Ty :=Tr @ A defined in (3.4.2).

Proposition 5.2.8. The pair (k,A) is a bipartite Euler system with parity v(N ) for the triple (T, Fa,S).
Moreover, either k(1) or X(1) is nontrivial, depending on the parity of v(N ™).

Proof. We first show that x(Q) lies in Selr, (q)(Ty) for all {Q,eq} € N“(V7) | or equivalently that Res, x(Q)
lies in H}A(Q)(K\,, Ty) for all v. If v ¢ SUQ, this is clear; and if v = v with v|N, it is automatic because
H}__A(Q)(K\,,Tf) = HY(K,,T¢) (by definition if v|N~, and by [66, Corollary B.3.4] if v|NT).

Next we verify the local condition for v = v with v|p. Let {Q, eq} be represented by the sequence {@Qy, g, }
in the sense of Remark 4.6.8, and let Fil;‘ T, J4n Ty, J9 be the maximal TQmen—stable subspace
on which I, C Gq, acts by the cyclotomic character (adopting the notation of Construction 5.1.2 and if
necessary restricting our attention to F-many n). As in [19, Proposition 4.7], it suffices to show that, for all
m and n and a fixed extension of v to K, the image d, , of the class d(m, Q) under the composite

HY (K, Tig, J9) = H (K v, Ting, J9 / Fil} Ty, J97)
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is trivial. Since d(m, Q) is a T, m,, -linear combination of Kummer images over K,,, by [4, Example 3.11]
and [53, Proposition 12.5.8] d,, ,,, lies in the kernel of
HY (K, Tig, J9 ) Fil} Tap,, J9) = H' (K, Q@ ® Tingy, JO ) Filt Ty JO7).

mQ"’L Q7L
Since the classes d,, ., are corestriction-compatible as m varies, the argument of [39, Proposition 2.4.5] shows
that indeed d, ,, = 0 for all n,m.

The final local conditions to verify are the ones for v=q € Q. Let H! ,(Kq, Tf/(77,T™)) be the image

ord .
of H! 4(Kq, Ty) for all m,j > 1; it suffices to show that the image £(Q)., ; € H' (K, T/(n?,T™)) satisfies
(64) Resq £(Q)m,j € Hora (Kq, Ty /(n7, T™))

for all m,j > 1 and all q € Q. Now, by Shapiro’s Lemma, we have an isomorphism
(65)

HY(KSU9 /K, T4 (7, T™)) = U ({HI(KZQn /K, Tf/(wj,Tm))}HEN) ~U ({Hl(KiQn /Km,Tj)}neN) ,

under which k(Q),, ; is represented by the sequence of classes x;(m,Qy), well-defined for §F-many n. If
(gn)nen is a sequence representing q with ¢,|Q,, then the preceding isomorphism fits into a commutative
diagram of localization maps

HY(KSYQ/K, T;/(n?, T™)) —>—— U <{H1(K§zQ" /Km’Tj)}neN>

JResq |

HY(Kq, Ty / (29, ™)) —— U ({Homsey (Gal(Kn/K), H' (Kq,, T;))} ey

where the right vertical map is induced from the ultraproduct of the maps in (61). Now since the actions
of Frob,, and Frobq on T} coincide for §-many n, and additionally eq(q) = €q, (¢») for F-many n, we have
Fil;’me% (@) T, = Fil:eQ(q) Ty (mod 77) for F-many n. In particular, the bottom isomorphism in the above
diagram restricts to

Hl

ord

(Kqs T/ (7, ™))~ U ({Homse(Gal(Kon/K), Hhy (K, )}

J I

HE(Kq Ty /(79, T™)) —— U ({Homget (Gal(Kon/K), H'(Ky T))} ey -

Hence we conclude from Construction 5.1.2(1) that (64) holds, which completes the proof that x(Q) €
Selj:A(Q)(Tf).

Next we prove the explicit reciprocity laws (from Definition 3.2.3). For {Qq, eqq} € N*V )+ we wish to
show locq(k(Q)) = (AM(Qq)) as submodules of A. For this it is enough to show

(66) locg(k(Q)) = (\M(Qq))  (mod «7,T™)
for all m,j > 1. Let {Qnqn,€qQ,q,} represent {Qq, eqq} in the sense of Remark 4.6.8. As above, for -

many n the subspace Fil™ T; coincides with the image of Fil T¢. Thus the isomorphism from
Adn€Qnan ((In) J qvaq(Q) f

Shapiro’s Lemma (65) fits into a commutative diagram of localization maps

HU(KSYQ/K, T /(nd, T™)) — U ({Hl(KELQ" /KmvTj)}neN)

I 1

Af(m?, T™) 0,;[Gal(Kyn /K],

where the right vertical map is induced by the ultraproduct of the maps i olocg, e . (4,
Construction 5.1.2(3). In particular, the claim (66) follows from Construction 5.1.2(3).

y that appeared in
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The other explicit reciprocity law, i.e. 94(k(Qq)) = A(Q) for {Qq, eqq} € NV 7). is proved similarly, but
appealing instead to Construction 5.1.2(2).

Finally, the nonvanishing of either (1) or A(1) (according to the parity of v(N 7)) is due to the work of
Cornut and Vatsal [23, Theorem 1.10] and Vatsal [77, Theorem 1.1]; see Remark 5.2.6 and [77, §2.3] for the
relation of the cited theorem to A(1). O

Remark 5.2.9. In fact, Vatsal proves the stronger result that A(1) # 0 (mod 7) when v(N7) is odd.
Indeed, this follows from [77, Proposition 4.7], combined with the independence of the choice of Heegner
points described in Remark 3.7 of op. cit. The constant v in [77, Proposition 4.7] is trivial because T’y is
absolutely irreducible.

5.3. Kolyvagin classes.

5.3.1. Before defining the Kolyvagin classes in patched cohomology, we begin by recalling a calculation
explained in [31, §3]. Throughout this subsection, we assume

(disc) disc(K) # —3,—4,

or equivalently O = {+1}.
Let m be a squarefree product of primes ¢ inert in K with (m, Np) = 1. Under the condition (disc), we
have

Gal(K [m]/K[1]) ~ ] | Gal(k[€]/K1]);

Lim

each Gal(K[(]/K[1]) is cyclic of order £+ 1. For a prime A of K[m] over some ¢|m, extend X to a place of Q
and let Froby € Gg be a lift of Frobenius. Also let o) € I, C Ggy1) be an element whose image generates
Gal(K[¢]/K[1]). Recall the Kolyvagin derivative operators [31, p. 239]:

4
Dy =Y io} € Z[Gal(K[]/K[1])], Dm =]]De.

i=1 Lm

Finally, let Q be a squarefree product of primes inert in K that is coprime to Nmp, and choose a CM point
y(m,Q) € CMy+ n-q(m). We define

P(m,Q) = Dny(m,Q),
viewed as a formal sum of points on Xy+ y-¢-

Proposition 5.3.2. For any {|m, there exists a CM point y(m/l,Q) € CMy+ n-qo(m/l) such that:

(1) (U)\ - 1)P(m’ Q) = (6 + 1)Dm/fy(m’ Q) - TEP(m/ga Q)
(2) If v(N~Q) is even, then

D,y jey(m, Q) = Froby P(m/£,Q) (mod A).

Proof. This is proved in [31, p. 240] for modular curves and in [54, Proposition 4.13] for Shimura curves.
The argument for (1) formally applies to Shimura sets as well, along the lines of Proposition 5.2.2. O

Fix £y as in the proof of Construction 5.1.2, and let
P'(m,Q) = (Ty, — lo — 1)P(m, Q).

Proposition 5.3.3. Let mg C Tg = Ty+ n-¢ be non-Eisenstein, and let I, C Tqg be the ideal generated
by L+ 1 and Ty for all ¢|m. Then if v(N~Q) is even:

(1) Restriction induces an isomorphism
Res,, : Hl(K[lLTmQJQ/Im) = Hl(K[mLTmQJQ/[m)Gal(K[m]/K[l])_

(2) The Kummer image d(m,Q) of P'(m,Q) in H' (K[m], Tm,J%/1,,) lies in the image of Resy,.
(3) If c(m, Q) = Coresgp)/k Res ' d(m,Q), then for all £|m and any choices of representatives,

c(m, Q)(cy) = Froby ! ¢(m/¢, Q)(Frob3).
(4) The class c(m, Q) is unramified at any place v NpmQoo.
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Proof. First note that the residual representation p,, Q associated to mg has no G'g-invariants by the same
argument as Lemma 3.3.4. Hence (1) follows from the inflation-restriction exact sequence as in [31, p. 241].
Also, (2) is immediate from Proposition 5.3.2, and (4) is clear from the construction. For (3), we modify
the argument of [51, Proposition 4.4]. First of all, both oy and Frob3 act trivially on T J®/I,,, so the
assertion is independent of the choice of cocycle representatives for ¢(m, Q) and c¢(m/¢, Q). Also, it suffices
to check the corresponding statement for ¢(m, Q) = Res,,' d(m, Q) and ¢/ (m/¢, Q).

Fix division points P éTlQ) and & (m/z 9 in JO(K). For any g € Gkpj, g - d(m, Q) = d(m,Q), so there

exists Ay € T, J®/I,,, such that

(67) (h—1)Ay=(h—1)(g—1) E( Q) T J? /I, Yh € Gy

Since G'k[m) has no fixed points on Ty, J9/I,,, (67) uniquely determines Ay, and g — A, is a cocycle
representing ¢’ (m, Q). We wish to compute A,,. Note that c¢(m,Q) does not depend on y(m,Q) by the
transitivity of the Galois action on CMpy+ y-g(m), so without loss of generality we can assume y(m//, Q)
is chosen to satisfy the identity in Proposition 5.3.2(1). In particular,

P'(m, Q)

P'(m/(,Q)
f+1 T

(ox = 1) (+1

= (Tfo - EO - 1)Dm/2y(m7Q) -

for a uniquely determined torsion point 17" € J Q[¢ + 1], and it follows that A,, is the image of T. Since
the K-points of J?[¢ + 1] have distinct reduction modulo A, Proposition 5.3.2(2) shows that we can also
characterize T as the unique point in J?[¢ 4 1] congruent to

P(m/,Q)
+1

Since Frobs —T; Froby +¢ = 0 on J(ky), where ky = Okim)/A, T is also the unique point in J9[¢ + 1]
congruent modulo A to

(Ty — Frobx(£+ 1)) (mod A).

(Froby — F‘robgl)w = Frob, ' d(m/¢,Q)(Frob3) = Froby ' ¢(m/¢, Q)(Frob3);

this shows (3). O

Definition 5.3.4. For a squarefree product m of primes inert in K and coprime to N, let I,,(f) C O be the
ideal generated by a,(f) and £+ 1 for all £|m. Suppose given {Q,eq} € N, (notation as before Construction
5.1.2), with (m, Q) =1 and v, (I, (f)) > j. If v(N~Q) is even, then the Kolyvagin class

(68) cj(m,Q) € H' (K™% /K, Tj)

is defined to be the image of ¢(m, Q) under the map Ty, J? /I, — Tj given by Corollary 4.6.6. If v(N~Q)
is odd, then Construction 5.1.2, extended linearly to formal sums of CM points, defines an element

A (P(m, @), Q) € Oj[Gal(K[m]/K)].

Because v, (I (f)) > 4, A;j(P(m,Q),Q) is constant on cosets of Gal(K[m]/K[1]) by Proposition 5.3.2(1)
and therefore descends to

(69) Aj(m, Q) € O;[Gal(K[1]/K)].
The Kolyvagin element is then defined as:
(70) Aj(m, Q) = trpy/x Nj(m, Q) € 0.

When m = @ = 1, then j can be arbitrarily large, giving a class ¢oo(1,1) € H'(K,Ty) or an element
Ao(1,1) € O.

Remark 5.3.5. When Q = N~ = 1 and Oy = Z, this agrees with Kolyvagin’s original construction
described in [46, §1].
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5.3.6. We now consider the local properties of the classes ¢;(m, Q) at places v|p of K. Recall from Remark
5.1.3 the abelian variety Ay such that Ty = T, Ay ®0,g7z, O. For any finite extension L of Q,, define

(71) H}(L,Ty) =im (Af(L) ®0, O — H'(L,Ty)) .
Also, for any j > 1, let

H}(L,Tj) = im (H}(L,Ty) - H' (L, T}))

=im (4;(L) ® O/p’ — H'(L,T})),

which is also the kernel of the composite

HY(L,Ty) = HY(L, Alp')) — H(L, A (D)).
Proposition 5.3.7. Let v|p be a place of K. For m, Q, and j as in Definition 5.5.4, ¢j(m,Q), lies in
H}(KU,Tj).

Proof. Extend v to a place of K[m], and let ¢;(m, Q) be the image of Res,,! d(m, Q) in H*(K[1],T}). Since
Coresgyy),/k, H (K (1], Tj) C Hj(K,,Tj), it suffices to show that Res,c;(m,Q) € Hj(K[1],,T;). By
[52, Proposition 3.8] and inflation-restriction (cf. the proof of [31, Proposition 6.2(1)]), the natural map
HY(K[1],, Af(K)) = H'(K[m],, Af(K)) is injective, so it is enough to show that

ReSK[m]v E;’ (m? Q) € H%(K[m]lﬂ TJ)
By construction, Res g, E} (m, Q) is the image of Res, d(m, Q). So it remains to prove:

Claim. The image of the composite map

(72) JO(K[m],) — H(K[ml,, J9[p’]) & H'(K[m],, T;)

lies in H}(K[m]U,Tj).
Here 3 is induced by the map of Gg-modules
. , i (56
(73) T = T,/ Ty 120 2 ;.

Let 7% and A ¢ be the Néron models of J Q and A 7, respectively, over Spec Okfy,, . By [61, Corollaire 3.3.6],
the map (73) of Gk, -modules J Q[p?] — Tj extends to a map of finite flat group schemes J9[p’] — As[p’]
over Spec Ok{y,,; moreover (72) fits into a commutative diagram

T (Okim),) — Hipi(Spec Ok, » T9[p7]) —— Hi, e (Spec Ok pmy, » Af[7])

| l

JO(K[m]y) ———— HY(K[ml,, JOp’]) —————— H'(K[m],, T;).

Here Hflppf refers to sheaf cohomology computed in the fppf topology. By [32, Lemma 7], the image of the
right vertical arrow is H} (K[mly,T;), and the claim follows. O

5.3.8. Recall that € is the global root number of f. For applications to the parity conjecture, we will require
the following;:

Proposition 5.3.9. Let m be a squarefree product of primes inert in K and suppose j < v,(In(f)). Ifv(N™)
is even, then j(m, 1) lies in the e; - (—1)™+1_eigenspace for the action of the generator T € Gal(K/Q).
If v(N7) is odd and \j(m, 1) # 0, then e; = (—1)*(™).

Proof. Since f is a newform of level IV, the maps ¢ : JNTNT Af or ¢ : Z[ X+ ny-]° = O from Remark
5.1.3 satisfy

(74) powy = ep- (~1)"N ¥,

where wy = HZU\” Wy HK‘N, Uy is the Atkin-Lehner involution; the minus signs appear because the local

root number of f at £|N~ is the negative of the U, eigenvalue for the quaternionic modular form on B _
corresponding to f.
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Now suppose V(N ~) is even. Choose a lift 7 € Gal(K[m]/Q); then, for all y(m) € CMy+ y-(m), we claim
that wy7y(m) lies in CMy+ n-(m) as well. Indeed, this is clear from Definition 4.7.3: applying wy7 reverses
all the orientation conditions (1)-(3), but then we can replace the action of Oy, x with its complex conjugate
so the conditions are again satisfied. Since ¢;(m,1) is independent of the choice of y(m) by Proposition
5.3.3(2) and the transitivity of the G g-action on CMy+ y-(m), the calculation in [31, Proposition 5.4]
applies to show (using (74) and Remark 5.1.3) that 7¢;(m, 1) = —¢; - (—1)*(™)¢;(m, 1), as desired.

The case when v(N ™) is odd is similar: if y(m) € CMpy+ n-(m) is represented by a pair (R, ¢) satisfying
Definition 4.7.7 for the fixed embedding K < B, then wyy(m) is represented by the pair (R, ¢°P), with
all orientations reversed. But (R, ¢°P) satisfies Definition 4.7.7 for the embedding K ~ K < B, which is
conjugate to K < B by an element of B*(Q), so wyy(m) lies in the image of CMy+ y-(m) = Xn+ n--
Applying formally the calculations in [31, Proposition 5.4], it follows from (74) and Remark 5.1.3 that
Aj(m, 1) = €; - (=1)¥™\;(m, 1), which gives the claim. O

Definition 5.3.10. An ultraprime | € Mg is called Kolyvagin-admissible if
Frob; € Gal(K (T})/Q)

is a complex conjugation. We will also abusively write | for the unique corresponding ultraprime in Mg.
A Kolyvagin-admissible set is a finite set of Kolyvagin-admissible ultraprimes, and the collection of all
Kolyvagin-admissible sets is denoted K. We will use multiplicative notation for the Kolyvagin-admissible
sets, i.e. if m,n € K with mNn = @, we write mn for the union mUn. Similarly, if | ¢ m is Kolyvagin-admissible,
we write ml for m U {I}. We write 1 for § € K.

5.3.11. If | is Kolyvagin-admissible, then the local cohomology
HY (K, Ty)

is free of rank four over O, and carries a natural action of the complex conjugation 7 € Gal(K/Q). It has a
canonical splitting of the finite-singular exact sequence:

HY (Ki, Ty) = Hine (K1, Ty) @ HE (K, Ty),

unr

defined as follows. If the sequence (¢,,)nen represents |, then for any j and for §-many n, Frob,, acts as
complex conjugation on T}, and

Hy(Ke,, Ty) = ker (H'(Kq, Ty /7’) — H'(K[t]5,, Ty /7))

Frob?n =1

is isomorphic to H' (1, ,T}) , where A, is a prime of K[(,] over £,,. Then

HL (K, Ty) = timd ({HL(Ke, T}, o) © WL T)

is our transverse subspace (where the definition makes sense by Proposition 2.3.2 and Lemma 2.4.8). We
denote by loci and 8= the composites H' (K, Ty) — HL (K, Ty)* and H' (K, Ty) — HL (K, Ty)*, respec-
tively, where the superscript 4 refers to the Frobenius eigenspace with eigenvalue £1. The codomain of each
is free of rank one over O.

Let S C Mg be the set of constant ultraprimes v such that v|Npoo. We will consider the Kolyvagin-

transverse Selmer structure (F(m),SUm) on T, for any m € K:
HY(K,,V,
ker (Hl(Kv,Tf)%W), v=uv €S,
(75) H oy (Ku: Tp) = S HL (K. T velem
(m) tr L f)s s
Hine (K4, T ), otherwise.

unr

Here H}(Kv, V) is the Bloch-Kato local condition on Vy = Ty ® Q,; when v|p, the notation is consistent
with (71) by [4, Examples 3.10.1, 3.11]. Note that (F(m),S U m) is a self-dual Selmer structure by the
self-duality of H}(KU, Vr) — the transverse local conditions at m are self-dual by [50, Proposition 1.3.2]. If
{Q, eq} € Nsum, then we denote by (F(m,Q),SUmU Q) the modified Selmer structure of (3.2.2).
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5.3.12. Let {Q,eq} € Ng&]:}j, and fix representatives (Qn)neny and (my)nen; for F-many n, Q,m, is a
squarefree product of primes inert in K. Our patched Kolyvagin class is the element

k(m, Q) € H! (K™K, Ty)

whose image in H!(KSMYQ/K T}) is represented by the sequence of images of the classes ;(my,,Qy),
well-defined for §-many n.

If {Q,eq} € NlS’EJJnV;)H, then we similarly set
~1j J
AMm,Q) € O ~limU ({O/77})

to be the element whose image in O/77 is represented by the sequence \;(my,, Q).

Proposition 5.3.13. For any m € K and {Q, eq} € Ng&ii),

(5(m, Q)) € Sel(ma) (T7)-
Moreover:

(1) For all m € K and all Kolyvagin-admissible | € m, and all {Q,eq} € Ngffr\;;),

(loci" (k(m, Q))) = (87 (x(ml, Q)))

as submodules of O.
(2) For all m € K and all {Qq, eqq} € N‘IS/EJ]X] )’

(0q(1(m, Qq))) = (A(m,Q))
as submodules of O.
(3) For allm € K and all {Qq,eqq} € Ngfﬁfni)fl,
(locq(r(m, Q))) = (A(m, Qq))
as submodules of O.

In particular, for any fired m, (k(m,-), A\(m,-)) forms a bipartite Euler system with parity v(N~) for the
triple (T, F(m),SUm).

Proof. To prove the first claim, we verify the local conditions for each v e SUmU Q. If v = v for a prime
v|Noo, then the local condition is all of H'(K,,Ty), so there is nothing to show. (Indeed, H'(K,,T}) is
torsion by purity for any v|Noo.) If v = v for a prime v|p, then we have

Res, k(m, Q) € Hj(K,,Ty) = @H}(Kv,Tj)
J

by Proposition 5.3.7. Now suppose v = | € m, and fix representatives (my)nen, (¢n)nen, and {Qn,€q,,
of m, |, and {Q,eq}. Let

neN

H%r(Kth) =U ({Htlr(KéymTj)}neN) - Hl(Kh,‘Tj)v
and let k;(m, Q) € HY(KSYmYQ/ K, T}) be the image of x(m, Q). Then it suffices to show
(76) Res) k;(m, Q) € HL (K, T})

for all 7 > 1. We have the commutative diagram of localization maps

Hl(KsumUQ/K, Tj) = U ({Hl(Kanmn/K7 Tj)}nEN)

(77) lR |

(R, T)) s U ({00} )

where the right hand map is the ultraproduct of the natural restriction maps, and the bottom map is the
isomorphism from Proposition 2.3.2. In particular, it suffices to show that the restriction of ¢;(my, Q) lies
in H}(K,,,T;) for §-many n. And indeed, the class c(m,,, Q,) is zero when restricted to K[m,]x, because
Dy, = £,(¢, +1)/2 on the residue field k), so we obtain (76), giving the local condition at .
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Next, we show that Resq x(m, Q) € H! (K, T}) for all g € Q. Suppose q is represented by a sequence of

dn|@n. Note that g, splits completely in K[m,,] for §-many n, and let g, be a prime of K[m,] lying above
Gn- Then by construction in Proposition 5.3.3, we have

Resq, c(mp, Qn) = Z Resq, (g - d(mn, Qn))-

g€Gal(K[1]/K)

It then follows from Construction 5.1.2(1) that, for all j and for §-many n, Res,, ¢;(m,, Q) € HL (K., T}).
As in the proof of Proposition 5.2.8, we conclude from this that Resq x(m, Q) € H. (K4, Tf), as desired.
Now we show the relation (1). It suffices to show, for all j > 1, that

(78) (loci"(k(m, Q) = (97 (x(ml,Q)))  (mod 7).

For this, we split T} = Tj+ @ T, into the Frob eigenspaces. We write any element ¢ € T} as ¢ = tt +t~ with
respect to this decomposition. Since G| acts trivially on T, we can view Res| x;(m, Q) as a homomorphism

G —Tj. Let 0 € Z(l) C G, be a topological generator of the maximal pro-p quotient; then (78) is equivalent
to

(79) Res; #;(m, Q) (Frob{)* = Res kj(m, Q) (1),

where = denotes equality up to a unit in (’);.4 Now we again use the commutative diagram (77). By
construction of the isomorphism from Proposition 2.3.2, Res xj(m,Q)(Frobf) € Ty is identified with the
ultraproduct of the sequence Ej(mn,Qn)(Frobgn) under U ({T}}, .y) = Tj, and Resir;(m,Q)(a1) € Tj is
identified with the ultraproduct of the sequence ¢;(mpn, @Qn)(0¢, ), where oy, € Gk, is a topological generator
of tame inertia. Hence (79) follows from Proposition 5.3.3(3).

Next, we show the relation (2). Following our notation above for showing the Selmer conditions at q € Q,
we have

Resq, c(mp, Qnan) = Z Resq,, (9 - d(mn, Qngn)).
geGal(K[1]/K)
Hence it follows from Construction 5.1.2(2) and Definition 5.3.4 that 0y, ¢;(mn, Qngn) = Aj(my, Qy) for
F-many n, and (2) results from this as in the proof of Proposition 5.2.8. The argument for (3) is similar,

using Construction 5.1.2(3).
O

Remark 5.3.14. (1) The condition (disc) is only used to control the structure of the Galois group
Gal(K[m]/K[1]) in (5.3.1) above. In particular, one sees from the construction that the bipartite
Euler system (x(1,-), A(1,-)) makes sense in the generality of (5.1.1). We will use this observation
to prove the p-converse theorem (Corollary 8.1.3 below) without the assumption (disc).

(2) Note as well that, under (spl) and (ord), (x(1,-), A(1,-)) may be viewed as a specialization of (k, A).
Indeed, let 1 : A — O be the specialization at the trivial character. Then by the usual Heegner
point norm relations [24, Proposition 3.10] (adapted to our context as in the proof of Proposition
5.2.2), 1(AQ)) = (ap — 1)3(AM(1,Q)) and 1(k(Q)) = (ap — 1)?(k(1,Q)) when {Q,eq} € NV(N )+1
and {Q,eq} € N*W7) | respectively.

6. DEFORMATION THEORY

In §4, we used geometric methods to produce level-raising congruences on the level of so-called “weak
eigenforms” (i.e. ring maps from a Hecke algebra to O/77), which typically do not lift to characteristic
zero. To prove the main results, we also need to be able to m-adically approximate our fixed modular form
f by genuine level-raised eigen-newforms. In this section, we provide this input via the relative deformation
theory of Fakhruddin-Khare-Patrikis [29].

6.1. Review of relative deformation theory.

4The difference in signs on the right hand side of (78) and (79) arises because the action of Frob; on H! (1}, Ty) is induced
from the action on both I, and T%.
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6.1.1. Let f, N, o, O, E, w, V¢, T¢, and Wy be as in §1.6. However, for this section only we allow p|N (since
it does not change any of the statements of our results).
We will also consider the hypothesis:

(TW) If p = 3, then Ty is absolutely irreducible when restricted to Go/=3)-

Consider the adjoint representation

L =ad"Ty
and its O-dual, LT ~ L(1), and let L and '~ Lt /7 be the associated residual representations. Although
we continue to assume 1’y is absolutely irreducible, we do not assume L is absolutely irreducible.

6.1.2. We now recall the construction in [29, Proposition 4.7] of certain local conditions for the Galois
cohomology of L. Let Co be the category of complete local Noetherian O-algebras R such that the structure
map O — R induces an isomorphism on residue fields. Fix a basis for Ty over O, which identifies the Galois
action on Ty with a homomorphism py : Gg — GL2(0O), and let p; be the reduction of py modulo 7. For all
primes ¢ # p, let R, € Co denote the framed universal deformation ring of ﬁf|g@e, with fixed determinant
x; that is,

Homco(ég,A) = {pA : GQe — GLQ(A) D paRa A/mA Zﬁf‘g@z, detpA = X}, AeCo.

Similarly, for £ = p, let ép € Co denote the framed potentially semistable deformation ring of TflG@p
(constructed in [44]), with fixed Hodge-Tate weights 0 and 1, fixed determinant y, and fixed Galois type
agreeing with that of pg|c, . For any £, the generic fiber R¢[1/n] is generically formally smooth over E of

pure dimension 3 + d;—,. The representation pf|G@e defines a formally smooth E-point y, of Spec ée[l/’fr] by

[1, Theorem D, Proposition 1.2.2]; let Spec Ry C Spec Ry be the Zariski closure of the irreducible component
of Spec Ry[1/7] containing yp.

Proposition 6.1.3. There exists an open subset (in the m-adic topology) Yy C Spec Ry(O) containing yq,
and a collection of submodules Z, = Z.(y;) C Z'(Gq,, L/7") which are free of rank 3+ &¢—, over O /" for
all v > 0, satisfying the following properties.
(1) Let Y, be the image of Yy in Spec Ry(O/n™) and denote by mY,. : Y.L, — Y. the reduction maps for
n,r > 0. Then given k > 0, there exists ng > 0 such that, for alln > ng and all 0 < r < k, the fibers
of szr are nonempty principal homogeneous spaces for Z,.
(2) The natural O-module maps O/7" — O/7"~t and O/7"~t — O/n" induce surjections Z, — Z._1
and inclusions Z,._1 < Z,.
(8) If pf|G@e is unramified, then Z,. is the subspace of unramified cocycles, and Yy can be chosen so that

(1) holds with ng =1 for all k.

Remark 6.1.4. We note that, although the open subset Y, C Spec Ry(O) is not uniquely determined by the
property (1) in Proposition 6.1.3, the submodules Z,(y¢) depend only on y,. Indeed, if r is fixed, then for n
sufficiently large the fiber of Y,Y, — Y;* over yy (mod 7™) is the fiber of Spec R,(O/7"*") — Spec R,(O /")
over yp (mod 7™), which depends only on yy, and this fiber determines Z,.(yy).

Proof. The existence of Y; and Z,. satisfying (1) and (2) is proved in [29, Proposition 4.7], so we consider
(3). Note £ # p by the hypothesis that p¢|c,, is unramified. Let Ry — R)}™ be the quotient parametrizing
unramified deformations; then R}"" is formally smooth over O of dimension 3, and it follows that R, = R;™.
The formal smoothness of R}™ then immediately implies that properties (1) and (2) are satisfied with
Z, = 7} (Gg,, L/7") the space of unramified cocycles, Y; = Spec R,(0), and ng = 1 for all k. O

6.1.5. For all primes ¢ and all r > 0, let H5(Q, L/7") be the image of the subset Z,(y,) C Z'(Gg,, L/7")
of Proposition 6.1.3. Also let

Hé(QZ7L) = lngé(Qb L/?Tr).

Proposition 6.1.6. For all primes £, the quotient
Hl (QE; L)

H(Qq, L)
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is m-torsion-free.

Proof. The m-torsion of H*(Qg, L)/HL(Qp, L) is identified with the inverse limit of the kernels

HY(Qe, L/7") =, H'(Qe, L/7" )

H(Qp, L") Hé(@eaL/W'““)) ’

where 7, is the map induced by 7 : L/7" — L/7"t1. Since Z,(y;) contains all coboundaries [29, Lemma

L5),
1 r 1 r+1
Kr:ker(Z (GQUL/TF) &Z (GQZ7L/7T ))
Zr(ye) Zr+1(ye)

K, := ker (

So it suffices to show

(80) ™2 (Goy, L)) N Zyi1(ye) = Zr(ye)-
Now 7. Z%(Go,, L/7") N Z41(ye) is contained in Z, .1 (ye)[n"] ~ (O/n")3+%=r  and also contains Z,(y) by
Proposition 6.1.3(2). By counting ranks, we see that (80) holds, as desired. 0

6.1.7. Now suppose ¢ is a j-admissible prime with sign €,, and let ¢, denote the unramified character of Gg,
sending Frob, to €.
Recall from Definition 4.6.2 the uniquely determined subspace Fil;eq T, C Ty free of rank one over O/n7,
on which Gg, acts by xe,. We define
Fil}, L/m! = Hom (T;/Fily,, T, Fily, T;) € L/,
a free O/m7-submodule of rank one, and
Hlva.0,(Qq L)) = im (HY(Qq, Filf, L/7) > H' @y, /7)) .

As always the subscripts €, will usually be omitted when they are clear from context.
A representation p : Gg, — GLa(A), for any Z,-algebra A, will be called Steinberg if it is conjugate to a

0 1

Spec R, the Zariski closure of the union of the irreducible components of Spec R,[1/x] that contain a point
corresponding to a Steinberg representation twisted by €,.

representation of the form (X *> with * a ramified cocycle in H*(Q,, A(1)). We denote by Spec Rgfsdq -

Proposition 6.1.8. Suppose q is j-admissible with sign ¢; and p, € Spec Rgfedq (O/7™) is a lift of Tj|GQq
(with any framing), for some n > j. Then for all r < j, the fiber of the reduction map

Spec Rg'e (O/7"*") = Spec RS (O/7™)

d4,¢q
over p, is a nonempty principal homogeneous space under

HY(Q,, L/7")
Zta o (Go,, L)7") =ker | Z'(Gg,,L/7") — “ ,
d’q( da / ) < ( G / ) H(:)er,eq(@qaL/’/rr)

which is free of rank 3 over O/x".

Proof. Without loss of generality, we may assume that Frob, acts on Tj via the diagonal matrix <q8q €0>
q

By the explicit calculations in [69, Propositions 5.5, 5.6], Rgfgq is a power series ring O[X,Y, B] with

universal deformation
iy = (L X /1 B\ (1 X
Pe 90 =1y 1 0 1)\y 1

wo-G; 3" (5 26 )

where o is a generator of tame inertia and ¢ is a lift of arithmetic Frobenius. (We note this calculation
crucially uses ¢ Z 1 (mod p).) In particular, Spec R(q)féiq is formally smooth, and by the discussion in [29,
§4.1, Lemma 4.5], the fiber of the reduction map in the proposition over p, is a principal homogeneous

space under a certain submodule Z,. of Z'(Gg,, L/7") which is free of rank three over O/x" and contains
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all coboundaries. It is also clear that the cocycles of the form ¢ — 0,0 — 8 8) are contained in Z/, and
these generate H} 4(Qq, L/7"). By comparing ranks, we find Z, = Z} ; e, (Ga,, L/7"). O

6.1.9. Let N; denote the set of weakly admissible pairs {Q, g} such that each ¢|Q is j-admissible with sign
€o(q) (notation slightly different from (5.1.1)). If {Q,eq} € N; is a weakly admissible pair, we will consider
the (non-patched) Selmer groups

@ZvL/ﬂ-J) XH Hl(@qaL/ﬂ—j)
QZaL/W]) H(}rd75Q(q)(QqaL/7Tj) 7
where S is the set of places dividing Npoo. We also have the dual Selmer group Selg(Q, L*[n’]) defined

using orthogonal complement local conditions.
Finally, define, for any finite set of places ¥ containing all v|Npoo:

Selo(Q, L/77) == ker | HY(Q%Y?/Q, L/77) — [I

¢|Np

(81) 113, = ker (Hl(@z/@,L*) =11 H1<@U,L*)> :

vEX
Proposition 6.1.10. There exists a finite set of places ¥, containing all v|Npoo, such that
I3, = 0.
Proof. We claim it suffices to show that
(82) HYQ(Ty)/Q.L7) =0
where this cohomology group makes sense because GQ(Tf) acts trivially on L" as det ps = Xx. Indeed, suppose
¥ is a finite set of places containing all v|Npoo, and ¢ € 111 is nonzero. Then by (82), the restriction map
Hl(Qﬂ Z*) - HI(Q(Tf)7Z*)
is injective, so c¢ restricts to a nonzero homomorphism ¢’ : GQ(Tf) S L. Let ¢ ¢ 3 be a prime which is
totally split in Q(T'f) but not in the extension cut out by ¢’ (which is possible by the Chebotarev Density
Theorem). Then Res, ¢ # 0, hence the inclusion ]-leu{e} C 1% is strict. Since I3 is finite, iterating this
process produces a set ¥ such that 111§ = 0.

We now show (82). If 1, ¢ Q(L), then the center of Gal(Q(Ts)/Q) contains elements that act by nontrivial
scalars on L, and (82) follows from inflation-restriction. So suppose that u, C Q(L). In particular, the
projective image G = Gal(Q(L)/Q) of p; has a cyclic quotient of order p — 1.

Since T’y is absolutely irreducible, and since every subgroup of PGLy(O/7) is naturally a subgroup of
PSLy(F,), a classical result of Dickson [74, Chapter 3, Theorem 6.25] implies that G is isomorphic to a
dihedral group, or A4, S4, or As, or either PSLy(Fyn) or PGLy(Fyn) for some n. Because PSLy(F,) is
simple for ¢ > 3, for G to have a cyclic quotient of order p — 1 requires that p = 3 and G is isomorphic to
either a dihedral group, or PGLy(F,n) for some n. (Recall here that Sy is isomorphic to PGL2(F3).) If the
order of G is prime to p, then (82) will hold automatically, so we may assume without loss of generality that
G is isomorphic to PG Ly(F,n) for some n.

Let G = Gal(Q(Tf)/Q(1p)) € SL2(O/7). The natural map G — G has kernel and cokernel of
cardinality at most 2, so, comparing with the classification in [74, Chapter 3, Theorem 6.17, Case 11|, we
conclude that G contains a subgroup H isomorphic to SLs (Fpn) with index at most 2. Moreover, Fpn is
a subfield of O/ and the embedding H < SL2(O/7) is GL2(O/7)-conjugate to the standard one by [74,
Chapter 3, Lemma 6.18]. In particular, H*(H,L") = H'(H,L) = 0 by [25, Lemma 2.48], and because H
contains a p-Sylow subgroup of G HY(GM L") = 0 as well. This shows (82) because of the inflation-
restriction exact sequence:

—%k

0= H"(Q(p)/Q, (L7)%m0) - HY(Q(T1)/Q, L") = H'(Q(Ty)/Qlup), L) = HY(GD, L")

O

Theorem 6.1.11. Let f be as above, satisfying (TW). Suppose given a weakly admissible pair {Q,eq} € N;
and an integer k < j satisfying the following conditions:
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(1) The map
Selg (L*[7*]) — Selg (L")
1s identically zero.
(2) For each |Np, let ng(¢, k) be a number satisfying the conclusion of Proposition 6.1.3(1) for k, and
let No(k) = maxy np {no(¢,k)}. Then j —k+1> No(k).
Then there is an eigen-newform g of weight 2, level NQ, and trivial character, with a prime g, of the ring
of integers of its coefficient field Og4, such that:

o The completion O, is a subring of O; write py . : Gg — GL2(O) for the corresponding p4-adic
Galois representation.
o There is a congruence of Galois representations (in some basis)

Pf = Pgp, (mod wI R,

e The inertial types of pg,@g|GQ[ and pf‘G@e agree for all ¢|N with £ # p.

) pg’pg|GQp has the same Galois type as pf|GQp and is potentially crystalline if and only if pf\GQp i8.
e [or all q|@Q, pg’pg\g% is a Steinberg representation twisted by the unramified character Frobg —

€Q(q)-
Proof. We will construct a Galois representation
7:Gg — GL2(0)
satisfying the following properties:

e 7=p; (mod mi—k+L),
e det7 = x.
e Forall /1Q, T|GQZ defines a point of Spec Ry.

ord
q,eq(q)”

Let us first show that the existence of the representation 7 is sufficient for the theorem. Since 7 is odd
and potentially semistable with distinct Hodge-Tate weights 0 and 1, we may apply the modularity lifting
theorem of [57, Theorem 1.0.4] (and see the main result of [76] for the case p = 3, using (TW)) to conclude
that 7 arises from a modular newform g, which is automatically of weight two and trivial character. Now by
modularity and [1, Theorem D, Proposition 1.2.2], T|GQ2 defines not only a point of Spec Ry but a smooth

e For all ¢|Q, 7|g,, defines a point of Spec R

point of Spec Ry[1/7] for all £. Since the potentially crystalline locus of Spec R, [1/7] is a union of irreducible
components (cf. [44, Theorems 3.3.4, 3.3.8]), 7 is potentially crystalline if and only if p; is. By construction,
T|Gg, has the same Galois type as pf|c,, . Hence g and f have the same conductor at p by [67, Theorem 2.2].

For ¢ # p, the inertial type is constant on components of Spec E@[l /7], except possibly at the nonsmooth
points (count dimensions using [2, Theorems 3.3.2, 3.3.7], or see the calculations in [69, §5]); it follows that
7 has the same inertial type as py at all £1 (), and is Steinberg twisted by Frob, — eg(q) for all ¢|@. Since
for all £ # p, the f-part of the conductor of g is the conductor of the Weil-Deligne representation associated
to 7|qg, by [14, Théoréme Al, we see that g has level NQ.

We now turn to the construction of 7. For each £t @, let Yy be a set satisfying Proposition 6.1.3 for k
and with ng = ng(¢, k) for £|Np, and with ng = 1 if £ Np. Also let Y,% be as in Proposition 6.1.3 for all
m > 1. We will construct 7 as the inverse limit of representations

Tm : Go = GLa(O/7™),

compatible under reduction maps, with the following key property: for all m, Tm|GQe lies in Y, if £1Q, and
Tm\G@q defines a point of Spec Rf;rd(O /7™) if q|@. The representations 7, are constructed inductively, but
when constructing 7,,+1, we will allow ourselves to modify the representations 7,,—g+t2, ..., 7m. (This is the
“relative” aspect of the construction.) Before we begin the construction, let us fix once and for all a set ¥ of
places containing all v| NpQoo such that 115 = 0 (possible by Proposition 6.1.10). Our base case is 7; = ps
(mod 77). Suppose we have defined 7, for some m > j. For each ¢ € ¥, we may fix a local lift p,, 41, of
Tm\gw with the following property: if £{ @, then p,,11 ¢ lies in Y,fH_l, and if ¢ = ¢|@Q, then p,,41,4 lies in
Spec Rgrd (O/m™*1). This is possible by Propositions 6.1.3 and 6.1.8 and by the key property of 7,,, (using
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m—+1

m > j > Ny(k)). In particular, the obstruction to lifting 7,,, modulo 7 vanishes locally at all £ € 3. By

global Poitou-Tate duality, the vanishing of 111}, implies the vanishing of

er <H2(@E/Q,L) =11 HQ(QU,L)> 7

vEX

so there exists a representation pp,11 : Go — GL2(O/7™ %) which is unramified outside ¥ and lifts 7,.
Comparing pm41,e t0 prmy1 as lifts of Tm,k+1|GQ[ for all £ € X, their difference defines a collection of local
cocycles

HY(@s, L")
) €D g, 1w

Now, since py,+1 lifts 7,,, Propositions 6.1.3 and 6.1.8 imply that (¢,) has trivial image in

Hl(Qg, L/Wk_l)
b Hg(Qe, L/mk=1)

lex

lex

By the argument in [29, p. 3578], it then follows from the hypothesis (1) of the theorem that there is
a global cocycle ¢ € H'(Q, L/m*) whose localizations at ¢ € ¥ agree with (c;). Adjusting p,,;1 by the
cocycle ¢, we obtain a representation 7,11 with the desired key property. (Note that we are repeatedly using
m+1—k > j+1—k > Ny(k) to apply Proposition 6.1.3 with n = m+1—k.) We now redefine Tp,—g42, ..., Tm
to be the reductions of 7,,41; since 7,41 is a lift of 7,,,_r+1 by construction, the representations 7; with
j <i<m—k+1 do not need to be redefined. This completes the inductive step of the construction, hence
the proof of the theorem. O

6.2. Patching adjoint Selmer groups.

6.2.1. Patched Selmer groups provide a convenient framework to produce weakly admissible pairs {Q, e}
satisfying the conditions of Theorem 6.1.11. For this subsection only, we drop the condition from Defini-
tion 3.1.2 that Frobg has nontrivial image in Gal(K/Q), as no quadratic imaginary field is needed for the
discussion.

Suppose that q is an admissible ultraprime with sign €4 (in this modified sense). In the notation of (3.1.3),
we have the exact sequence of O[Frobg]-modules

0 — Fily, Ty = Ty — T/ Fily Ty — 0,
and we define
Fil;, L = Hom(Ty/Fil . Ty, Fily, Tr) C L
and

orde (Qq» L)= ( (quFllJr L)— Hl(@qu)> .

It is clear that, if q is represented by a sequence (g, )nen, then

Hivd.e, (Qq, L) = r%nu ({Hld (Qq... L/ﬂ)}neN) ;

where H! ; _(Q,,,L/n7) is well-defined for all n such that g, is j-admissible with sign e,. We also define

ord,eq
H. ord,eq (Qq, L f) as the orthogonal complement of H(l)rd,eq (Qq, L) under the local Tate pairing. We will require

the restriction maps

H'(Qq, L)
ord €q (QCI? ) N Hlllnr(QQa L)7

H'(Qq, LT)
ord €q (QQ’LT) N Hllmr(QQa LT) .

As usual, we drop the subscript ¢4 when it is clear from context.

locg,e, : H'(Q, L) —

(83)

locf . HY(Q, LT) —
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6.2.2. Let S C Mg be the set of constant ultraprimes v for v|Npoo. For any {PQR, epqr} € N, we define the
Selmer structure (SE(Q),S UPQR) for L:

Hé(@é, )7 v=/{€S,
Hcl)rd(quL)v v=9q€Q,
(84) Hsp ) (@ L) = § Hora(Qq, L) + Hiye (Qq, L), v=q€P,
Hora(Qq, L) N HY(Qq, L), v=gq€R,
Hine (Qu, L), v¢ZSUPQR.

When P, Q, or R is empty, it is omitted from the notation.

Proposition 6.2.3. For all {Q,eq} € N,
dq = ko Sels(q)(L) = rko Selg(q)r (L1).
Proof. For all primes ¢, Proposition 6.1.3 implies that

rko HE(Qe, L) = 3 + 8i—p — tko (@ BY(Gg,, L/H)) ,
J

where B(Gg,, L/77) denotes the coboundaries; because L has rank three over O, we conclude
rko Hg(Qq, L) = tko H*(Qq, L) + 6=
Since
tko H},4(Qq, L) = tko H*(Qq, L) = 1
for all q € Q, the claim results from Proposition 2.6.16. ]

In the language of patching, we can reformulate Theorem 6.1.11 as follows.

Theorem 6.2.4. Assume f satisfies (TW), and suppose given a pair {Q,eq} € N such that dq = 0. Fiz a
sequence {Qn,€q, } of weakly admissible pairs representing {Q,eq}. Then there is a sequence (defined for
§-many n) of eigen-newforms g, of weight 2, level NQ,,, and trivial character, with a prime g4, of the ring
of integers O, of the coefficient field, such that:

e The completion O, . is isomorphic to O.

e The inertial types of py, o, |Gy, and pf|G@/z agree for all £|N with £ # p.

® Dgn.00n |GQp has the same Galois type as py and is potentially crystalline if and only if py is.

e Forall g,|Qn; py, 0, |G@qn is a Steinberg representation twisted by the unramified character Frobg, —

EQn (qn)‘
e [For any fized j, there is a congruence of Galois representations (in some basis)

P1 = Pup,,  (mod )
for §-many n.
Proof. First observe that it suffices to construct such a sequence with O, a subring of O, since both

Oy...0,,, and O are integrally closed and E is generated over Q, by tr ps(g) for g € Gq.
Since dq = 0, there exists some k > 0 such that the natural map

(85) SelS(Q)T (LT/ﬂ'k) — SelS(Q)T (Z*)

is identically zero. (To see this, use Proposition 2.5.6 to conclude that the inverse limit over k of the
image of the map in (85) vanishes.) Also, Proposition 6.1.6 implies S is saturated as a Selmer structure
for L, and §(Q) is as well by a direct local calculation for q € Q. Proposition 2.6.13 therefore shows that
Sels(q)t (LT/m") = Sels(q)« (L*[7*]). Hence for F-many n, the maps

Selg, (L*[7*]) — Selq, (L")
are also identically zero. Since k is fixed independently of n, the theorem is now immediate from Theorem
6.1.11. |

6.3. Annihilating two Selmer groups.
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6.3.1. Now fix an imaginary quadratic field K of discriminant prime to Np and a self-dual Selmer structure
(F,Sk) for the Gg-module Ty over O, where S contains all constant ultraprimes s with s|Npoo. For
our application of Theorem 6.2.4, we will want to choose {Q,eq} € Ns, such that dq = 0, and rq =
ko Selz(q)(Ty) = 0. In this subsection, we show that such a choice is possible (Proposition 6.3.6 below).
The proof is inspired by [16, §3.3], and begins with a series of lemmas. We note that the results of this
subsection crucially require the assumption from §1.6 that f not have CM.

Lemma 6.3.2. There exists an integer j such that, for all n > 0,
™ HY(K(Ty)/Q, L/7") = m H (K (Ty)/Q, Lt /7") = 0.

Proof. Let F = Q(pp~) C K(Ty), and note that L and LT are isomorphic G p-modules. Since f is non-CM,
(L ® Q,)9F = 0 by [62, Theorem 5.5] or [55, Theorem B.5.2], and so (L/7")¢F = (LT/7™)F is uniformly
bounded in n.

The pro-p-Sylow subgroup of Gal(K(Ty)/F) is a compact p-adic Lie group with semisimple Lie alge-
bra; hence, by [29, Lemma B.1], the cohomology H'(K(T})/F,L/w") = H'(K(Ty)/F, LT/7™) is uniformly
bounded in n.

Now, by inflation-restriction, we have exact sequences

0= H'(F/Q,(L/7")%") — H'(K(Ty)/Q, L/n") — H'(K(Ty)/F, L/7"),
0= HY(F/Q, (L' /z™)9r) — H'(K(Ty)/Q, L' /a") — H' (K (Ty)/F, L' /7"),

where the outer terms are uniformly bounded in n; the lemma follows. (Il

(86)

For the next lemma, we abbreviate L, := L/7™, Li = LT/7™, and (as usual) T, == Ty/7™. Also, for
any torsion O-module M and element y € M, let ord(y) be the smallest integer ¢ > 0 such that 7ty = 0.

Lemma 6.3.3. There is a constant C, depending only on Ty, with the following property. Given cocycles
¢ € HY(Q, L), v € HY(Q, L), and c1,c2 € HY (K, T},)° for some § € {£1}, and given an integer n > m,
there exist infinitely many primes gt Np such that all the cocycles are unramified at q and:

q s n-admissible with sign §.

ordlocgs ¢ > ord ¢ — C.

ordlocg s¥ >ordy —C.

ord locq:(; c; >orde; —C fori=1,2.

In the second and third bullet points, locy s and loc; s are defined analogously to (83). In the fourth,
loc, 5 is defined analogously to (23). Also H!(K,T,,)° refers to the d-eigenspace for complex conjugation.

Proof. Let us first fix a complex conjugation ¢ € Gg and choose a basis for T in which c acts as (05 g)

The restriction of the cocycles ¢, ), ¢; to Gk (r,) may be considered as a homomorphism
h:Gr(r,) — Lm ® L, & (Tn)?

compatible with the action of Gk; let H be the image of this homomorphism, and let mp, (H), T (H),
and 7(7,,)2(H) be the projections onto each of the above three factors. Also let j be the maximum of the
constants that appeared in Lemmas 6.3.2 and 3.3.11. Then by inflation-restriction, we have:

(1) 7, (H) is not 7°*4¢~J~Ltorsion, i.e. is not contained in 7m~ord¢+i+iy, -

(2) w4 (H) is not contained in 7™~ ¥HHILE < and

(3) mr,)2(H) C T,y ® Ty, is not contained in either 704 HIT, & Ty, or T, & am—orde2titiT,
Now, since L ® Q, and LT ® Q, are absolutely irreducible by [62, Theorem 5.5] or [55, Theoerem B.5.2], the
natural maps E[Gk| — Endg(L ® Q,) and E[Gk] — Endg(LT ® Q,) are surjective. In particular, there is
a constant C such that the cokernels of O[Gx] — Endo (L) and O[Gk] — Ende(L") are both 71 -torsion.
Combined with points (1) and (2) above and using that H is Gi-stable, we conclude that:

(4) 7, (H) contains an element whose ((1) 01) component has order at least ord ¢ — j — Cj.

(5) mp s (H) contains an element whose <(1) 8) component has order at least ordy — j — Cy.
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Fori =1, 2, let H; be the subgroup of my, )2 (H) consisting of elements whose component in the ¢ eigenspace
of ¢ in the ith copy of T, is m°*4¢ =i~ torsion. Since T is absolutely irreducible, (3) above implies that
H; is a proper subgroup. As a group cannot be the union of two proper subgroups, we conclude

(6) m(1,,)2(H) contains an element whose components in the § eigenspace of ¢ in the first and second
copy of T,,, have order at least ord c; — j and ord ¢y — j, respectively.

Now let g, € Gk be an element that acts by a scalar z # +1 on Ty, which exists by [62, Theorem 5.5] or
[65, Theoerem B.5.2] again; then since H is G-stable, we have:

H >(g. — 2)(g- — Zz)H +(9: —2)(9- — DH + (9. — 22)(gz -1)H
S (z—1)(z2 - 1)(z% - 2) (mm (H) @, (H)® me)z(H)) .
Letting C' = Cy + j + ord ((z — 1)(22 — 1)(22 — 2)), we conclude from (4), (5), and (6) that there exists
ho € H satisfying:

e The <(1) _01) component of 7y, (hg) has order at least ord ¢ — C.

e The ((1) 8) component of s (ho) has order at least ord¢ — C.

e The components of 7z, )2 (ho) € T2 in the ¢ eigenspace of ¢ in the first and second copy of T}, have
order at least ordc; — C and ¢ — C, respectively.

Now let v € Gk (r,,) satisfy h(y) = hg. Since ¢(c?) = cd(c) + ¢(c) = 0, ¢(c) lies in the —1 eigenspace for

¢, whereas <(1) _01> has eigenvalue 1; hence the <(1) _01) component of ¢(c¢y) has order at least ord ¢ — C.

Similarly, the (O 0) component of ¥(cy) has order at least ordy — C.

1 0
Let F D K(T,,) be the fixed field of the kernel of h. Then any prime with Frobenius ¢y in Gal(F/Q)
satisfies the conclusion of the lemma; cf. the proof of Lemma 3.3.12 for the assertions about c¢;. O

Corollary 6.3.4. Suppose given a finite set of ultraprimes S C Mg containing the image of Sk, and
non-torsion cocycles:

« o€ H'(Q¥/Q,L);
o v e HY(QY/Q,LD);
e c1,co € HY(KSK /K, T})° for some § € {£1}.
Then there exist infinitely many admissible ultraprimes q € S with sign § such that:
e locgs ¢ # 0.

° 10(3;61/) #0.
e locqsc; #0 fori=1,2.

Proof. Fix an integer C satisfying the conclusion of Lemma 6.3.3. Since ¢, v, ¢1, and ¢y are all non-torsion,
we may choose an integer m > 1 such that ¢, 1, ¢1, and ¢ have non-7C-torsion images in HY(Q®%' /Q, L/7™),
H'(Q% /Q, Lt /™), and H' (K% /K, T),), respectively. The rest of the proof is the same as that of Theorem
3.3.10, replacing Lemma 3.3.12 with Lemma 6.3.3. (]

We also require the following variant.

Lemma 6.3.5. Let ¢ € H'(Q% /Q, L) and ¢ € H'(K5% /K, Ty)° be non-torsion, where S’ C Mg is a finite set
containing the image of Sk. Then for any cocycle ¢ € Hl((@s//@, LY, there exist infinitely many admissible
ultraprimes q ¢ S’ with sign ¢ such that locg s ¢ # 0, locq s c # 0, and 1002’5 ¥ = 0.

Proof. The proof of Lemma 6.3.3 also shows the following:

Claim. There is a constant C', depending only on 7', with the following property. Given integers n > m and
cocycles ¢ € HY(Q, L/7™), c € HY(K,T},)°, and ¥; € HY(Q, LT/n7) for j = 1,...,n, there exist infinitely
many n-admissible primes ¢ with sign ¢ such that all the cocycles are unramified at ¢ and:

e ordloc,5¢ > orde¢ — C.

. loc;é ;=0 for all j.
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e ordlocy5c>ordec—C.

Fix a prime C satisfying the conclusion of the claim. Since ¢ and ¢ are non-torsion, we may choose an inte-
ger m > 1 such that ¢ and ¢ have non-m%-torsion images ¢ and @ in H'(Q% /Q, L/7™) and H' (K%< /K, T,,),
respectively. Recall that ¢ and ¢ are the equivalence classes of sequences (¢, )nen, (Cn)nen With ¢, €
HY(Q,L/7™) and ¢, € H*(K,T,,), while 1 is an equivalence class of sequences

(Yns)nen € imU ({H'@/Q, L1 /7)), ).

where (S,,)nen represents S’. For each n > m, apply the claim for these n and m and with ¢ = ¢,,, Vi =Pp;
for j =1,---,n, and ¢ = ¢,. Let ¢, ¢ S,, be one of the primes as in the claim, and let ¢ € Mg be the
ultraprime represented by (gn )nen, which is admissible with sign 0. For fixed j, locg, 5 ¢n,; = 0 for alln > j,
i.e. for F-many n, so locg® =0 (mod 7). Since this holds for all j, we conclude locq ¢ = 0. We also have
locq @ # 0 and locq ¢ # 0 by construction, so q satisfies the conclusion of the lemma. There are infinitely
many choices of each g¢,, hence of q. (Il

Proposition 6.3.6. Assume f satisfies (non-CM), and suppose given a self-dual Selmer structure (F,Sk)
for Ty. Then there exists {Q, eq} € Ns, such that

rQ = dQ =0.
(Recall that rq = rko Selrq)(Ty).)

Proof. Without loss of generality, by Corollary 3.3.14 we may assume that r; = 0; for if not, choose any
{Q,eq} € Ns,, with rq = 0, and then relabel F(Q) as F.

We will show that, if d; > 0, we may find {Q, eq} such that rq = 0 and dq < dj; this clearly suffices
by induction. By Proposition 6.2.3, there exist non-torsion elements ¢ € Sels(L), 1 € Selg: (LT). Using
Corollary 6.3.4, choose any admissible q ¢ Sk with sign €q such that locq¢ # 0, 1002;111 # 0. Then by
Proposition 2.6.16,

rko Sel(s,)i (L1) + rko Selss (L) = 2 + rko Sel ey (LT) + rko Sels, (L).
In particular, the images of the localization maps

. SEISq(L) s (l)rd((@q7L) e unr(QQ? )

1 :
%9 Selg (L) HI_((Qq, L) N HLw(Qq, L) - HL 4 (Qq, L) N HL (Qq, L)

and
CT . Sel(sq)T(LT) s H})rd(QQ’ LT) @D unr(Qq?LT)
a Sel(sq)f(LT) ord(QmLT) N Hlllnr(QCI’LT) ord(QCI?LT) n Hlllnr(QQ’LT)
have total rank two. Hence the image in the ordinary part is zero for both maps, and dy < d;. Now,
Proposition 3.3.8 shows that 74 = 1, and a generator ¢ € Selrq)(Ty) has dqc # 0. In particular, ¢ has
nonzero component in the eq eigenspace for 7, because it is easy to check that dq7c = €q0q4c.

Now consider the set P of admissible ultraprimes s ¢ S U{q} with sign e; = ¢4 such that locs ¢ # 0, which
is nonempty by Theorem 3.3.10. If, for any s € P, dqs < dq, then we may take Q = gs and complete our
induction step. For example, this will occur provided dq > 0, by Corollary 6.3.4 and the argument above;
so without loss of generality, d; = 0 and dqs = 1 for all s € P. By definition, we therefore have non-torsion
clements ¢(s) € Sels(qs) (L) and 9(s) € Selg(qs)t (L) such that locs ¢(s) and locs ¥)(s) are nontrivial.

Choose any s; € P, and then, using Lemma 6.3.5, choose sy € P\ {s1} such that locs, ¢(s1) # 0 but
locs, ¥(s1) = 0. By another application of Proposition 3.3.8, rqs,s, = 1, and a generator ¢’ of Selr(qs,s,)(T)
again has nonzero component in the e, eigenspace. We now use Corollary 6.3.4 to choose s3 € P\ s1,5s9
such that locs, ¢’ # 0, locs, ¢(s2) # 0, and locg, 1(s1) # 0. Note that rko Selgsisess(q)(L) = 3 by another
application of Proposition 2.6.16; up to torsion, ¢(s;) are generators. So to show that dqs,s,s, = dg, it suffices
to show that the images of ¢(s;) form a rank-three subspace of

3
QS 9 + Hl d(QSV'aL)
S unr i or i
S A O
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under the localization
' SelSSISZSS(q)(L)

' 8618515253 (q) (L)

By pairing ¢(s;) and 1(s;) for i # j and applying Proposition 2.6.10, we see that locs, ¢(s;) # 0 if and only
if locs; ¥ (s;) # 0. Hence, the images of ¢(s;) in S are of the form:

loc(¢(s1)) = (0, %, )
loc(¢(s2)) = (0,0, %),
loc(¢(s3)) = (x,-,0),

where * is nonzero and - may or may not be zero. This completes the proof since it shows dqs,s,s, = dq = 0
and we have rg,s,s, = 0 by Proposition 3.3.8. O

loc — S.

7. PROOF OF MAIN RESULTS: ANTICYCLOTOMIC MAIN CONJECTURES

7.1. Notation.

7.1.1. Let f, N, p, O, E, w, V§, Ty, and Wy be as in §1.6, and assume p is ordinary. We also fix a quadratic
imaginary field K in which p splits and suppose that N admits a factorization N = N*TN~ as in (5.1.1).

For the next two sections, we depart from our earlier notation of (3.4.1), (5.2.1) and denote by K?3¢ the
anticyclotomic Z,-extension of K. Also let K¢ = KQo, where Q /Q is the cyclotomic Z,-extension, and
Koo = KZ°K2. For ? = (), cyc, ac, let I'y = Gal(K’,/K), so that I'x 2 T x I's¢. We continue to reserve
the notation A for the anticyclotomic Iwasawa algebra O[I'3¢]. Recall from (3.4.2) the free rank-one subspace
Fil; Ty, and let gr, Ty = Tf/Fﬂ; Ty. Also, for a topological O-module M, let M"Y = Homep (M, E/O). Here
and for the remainder of the text, the notation Home refers to continuous O-module homomorphisms.

For a finite set ¥ of places of K, for ? = (), cyc, or ac, and for A the ring of integers of a finite extension
of Q, containing O, we will consider the Selmer group

Seliz a(f) = ker (Hl(K, Ty ®o0 AIT%]Y) = [] H' (1., Ty ®0 AIT]Y)

vgY
(87) vip
< [[H' (1. gr, T ®0 A[[F?K]]V)) .
vlp

Note that the canonical isomorphism O[I'% ]V ®o Hom(A, O) = A[l'%]Y induces an isomorphism
(88) Seli: o(f) @0 Hom(A,0) = Seli 4(f).

If ¥ is finite set of places of Q, let Xk be the set of places of K lying above an element of X; we shall abbreviate
Seli;, A(f) = Seli’i 4(f). In the anticyclotomic case, we also have the Selmer group Selr; (W), where

the Selmer structure is determined by (43) via the duality of (3.4.1). This Selmer group is related to (87)
by the following lemma.

Lemma 7.1.2. There is an exact sequence of A-modules:

0 — Selr; (W) = Selfae 0 = [ Hine (Ko, Wy) ®0 Homo(A, O).
(N~

Here ¢ denotes twisting the A-action by the canonical involution defined by the inversion map on I'}¢.
Proof. Recall that W = (T7})". We may therefore identify W with (T ®o AY)" via (20).
Then by local Poitou-Tate duality, we have

Selz: (Wy)" = ker (Hl(K,Tf@JAV)% I BTy AY) x J] H' (K., Ty @ AY)
viN~—p v|N—

< [[H' (K, Fil} Ty ® A)V> .

vlp
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Since the pairing on T} identifies gr, Ty with Home (Fil} Ty, O(1)), H'(K,,Fil] Ty ® A)Y is canonically
identified with H!(K,, gr, T ® AY) under local duality, so we conclude

Selr: (W) _ker(Se19<g§7o(f) = [ Howe(Ko, Ty @ AY) x [ Hibo (Ko, g1, T ®AV)>.

v|N- vlp

If vlp, then HL, (K, gr, Ty @ AY) = Hy, (K, g1, Tf ®0 O¥) = 0; recall here that gr, Ty is unramified

with Frobenius eigenvalue a;, # 1 in the notation of (5.2.3). Then the lemma follows from the identity
Hl (Ko, Tr@AY) = H} (K¢, W¢) @0 Home (A, O) for all £|N~, which holds because G, acts trivially on

unr ( unr

A. ]

For the proof of Theorem 7.2.1, we will also need:

Lemma 7.1.3. For ? = (), cyc, or ac, Tf is absolutely irreducible as a representation of G .

Proof. By Lemma 3.3.4, Tf is absolutely irreducible as a representation of Gk . In particular, for any finite
field k containing O/, the pro-p-group Gal(K /K) acts without fixed points on the set of G k7 -stable
k-lines of Ty ®0 /= k, so this set has cardinality a multiple of p. However, if G2 stabilizes more than two
lines in Ty ®p /= k, then it acts by scalars, in which case it stabilizes a prime-to-p number of lines. So there
are no G 2, -stable lines in T'y ®or k for any k, which proves the lemma. O

7.2. A result of Skinner-Urban. The following result is deduced from the proof the Iwasawa main con-
jecture for modular forms [72].

Theorem 7.2.1 (Skinner-Urban). Let K be an imaginary quadratic field of discriminant prime to Np in
which p splits. Assume that pt 2N, that p is ordinary for f, and that:

e the mod g representation Tf is absolutely irreducible as an O[Ggl-module;
e N = NtN~, where every factor of N* is split in K and N~ is the squarefree product of an odd
number of primes inert in K.

Then
chary Selz: (Wy)" C (A(1))?
as ideals of A, where X(1) € A is as in (5.2.5).

In [72], the authors obtain the analogous inclusion for the full three-variable main conjecture, under
an additional hypothesis that Tf|G@e is ramified for all /{N~. The argument given below removes this
hypothesis, but only yields information about the anticyclotomic specialization. This point is discussed
further in Remark 7.2.2(2) below.

Proof. Let A be the ring of integers of a finite extension of Q, containing O, that is large enough to satisfy
the hypotheses of [72, Theorem 12.7]. As in the proof of loc. cit., there exists a Hida family f of ordinary
eigenforms of tame level N and trivial nebentypus x¢, parametrized by an integral domain I that is faithfully
flat over A, such that f, = f for a certain specialization ¢ : I —+ A. Let X be the set of rational primes dividing
Npdisc(K), and let %% € T[Tk be the three-variable p-adic L-function constructed in [72, Theorem 12.6].
(In the notation of loc. cit., we are taking £ = 1, and (dist)s is satisfied because (Tfhp)ss =Y ® 1, where Y
is the mod p cyclotomic character.)

Let 1oy @ A[TY] — A be the specialization at the trivial character, which we also view as a map
A[lk] — A[l'%]. Comparing the interpolation properties of affZK and A(1) from [72, Theorem 12.6] and
[20, Theorem A], we conclude

. _ Q¢ N-
(89) Leye o ¢($f%:1() = A(1)- H det (1 — Frob, ! |T§) : gﬁfT’
’L)EEK fap fap
vip

where Qy n- is the period appearing in [20, Theorem A], Q}i is 277 times the period denoted similarly in

P

[72, Theorem 12.7], and = denotes equality up to a unit in A[I'%¢]. We write Qf instead of ij, as in [72],
*p
because these periods are canonically associated to the p-stabilization of f, with Up,-eigenvalue the number
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ayp from (5.2.3). The ratio Qs n-/ Q}fa 2, is a nonzero element of O, and it is described more explicity in
§8.3 below.
Let us expand
(90) Lo = o0+ a1(y = 1) +az(7* = 1)% + -+ a; € [T,
where v2¢ is a topological generator. In particular (90) shows, for any ¢ > 0, that
(91)
ordp % < ordp «; for all height-one primes P C I[I'k] which are pullbacks of primes Peye C I[T3].

Now consider the three-variable Selmer group Selﬁm 4(F) defined in [72, §3.3.10];° by [72, Corollary 3.8],
using Lemma 7.1.3 and the fact that p splits in K to verify the hypotheses of [72, Proposition 3.7], we have

(92) char g[r Sel%w’A(f)v C ¢ (charmpK]] Sellz(x’A(f)v) .
The same argument as [72, Proposition 3.9] (replacing [72, Proposition 3.7] with its analogue for F' = K2°)
shows that
charA[[p?;]] Sel%gg,A(f)v C Leye (charA[[pK]] SelIE(M’A(f)V) .
Combining this with (92) shows that

(93) charagrsey Selpse 4(f)" C Loge o d (charA[[pK]] SelﬁomA(f)V) .

On the other hand, by [72, Proposition 13.6(i), Theorem 7.7] — neither of which require any residual ramifi-
cation condition — we have

(04) ordp £ < ordp charyp,) Sel 4 (f)”

for all height-one primes P C I[T'k] not pulled back from a prime Pey. C I[TZ°].

To apply [72, Theorem 7.7] the reader should recall that the Dirichlet p-adic L-function denoted therein as
E%fy is an element of I[T'ZY°], cf. [72, p. 118].
Combining (91) and (94) shows that
(95) () - charppp, g Selim’A(f)v - (XEK)
for any of the a; in (90). Now we specialize both sides by 1y o ¢, using (93) and (89), to obtain
- 0 N— ac
(96)  Teye o @(ai) - chargpraey Selieae 4 (f)Y C A(1)? - [ det (1 — Frob, ! |T§v) . Q?fT; - A[T%].
VEX K ap p

vtp

Note that Selzgg, 4(f) is already known to be A[I'3¢]-cotorsion by Proposition 5.2.8, Theorem 3.4.9, and
Lemma 7.1.2. Hence by [59, Proposition A.2], we have

1 ac|V v
char gppac Sel;z(ggVA(f)V = char g[rac] Sel%£7A(f)V . 1;[ char gpacy <£}nf(§g ?;f@@ooﬂﬁrgﬂg))
v%hﬂK
By local Poitou-Tate duality, the local terms appearing above for v € Xk agree up to units with the ones in
(89), and it also easy to check that they are not identically zero. Hence from (96), we can cancel the local
factors to deduce

0 _
(97) Leye © ¢(a;) - char aqrae Selfae ()Y C A(1)? - L8 - A[T]

+ —
Qp Q.

in A[I'%¢]. Finally, note that by (89) and the nonvanishing of A(1) (see Proposition 5.2.8), we may choose
a; so that Leyc 0 ¢(cy) # 0. Inverting p, descending coefficients to O using (88), and applying Lemma 7.1.2,
we have

(98) (chary Sel}-X(Wf)v)L c (A1))?

5The subscript A does not appear in loc. cit., because a choice of coefficient ring has already been made implicit. We include
it here to be consistent with (87).
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in A ® Q,. The action of ¢ can be removed by [20, Theorem B]. To upgrade (98) to a divisibility in A, it
suffices to note that A(1) Z 0 (mod p) by Remark 5.2.9.

|
Remark 7.2.2. (1) In §8 below, we will need the more refined observation that «; in (97) can be chosen
so that
Q-
ordy Teye 0 d(a;) = 2 ord, (1 —¢2) + Z ord, (1 +¢ — ay) + ord, #
LN 4] disc(K) Sap ™" fap

(Here we extend ord, to a valuation on A.) This follows from comparing the p-invariants in (89):
the p-invariant of A(1) vanishes, as noted in Remark 5.2.9; the local Euler factor at v| N is nonzero
modulo 7 by a simple calculation, using that such primes are not infinitely split in K3°; the local
Euler factor at ¢/|N~ is (1 —£72) = —£72(1 — ¢?) because Tt|Gy, is a ramified extension of the form

0 1
T is unramified at ¢ and, if A is the unique prime of K above ¢, then Frob, is trivial in I'%¢.

(2) In the context of [72], the hypothesis that Tﬂgw is ramified for all ¢|N~ is used only in [72,
Proposition 12.9], to show that ordp _ffZK = 0 for height-one primes P C I[I'k] that are pulled
back from primes Py, C I[T'Y°]. This upgrades (94) to hold for all P, thus removing the («;) from
(95). See also the remark following [72, Theorem 3.26]. There is also a minor correction to [72,
Proposition 12.9] in [79, Lemma 87], cf. the discussion following Theorem 3 of op. cit. Since we do
not use [72, Proposition 12.9] this does not affect our argument. Finally, we note that the presence
of (a;) in (95) implies that the argument of Theorem 7.2.1 is of no help in removing the residual
ramification condition from the proof of the cyclotomic main conjecture [72, Theorem 1]. However,
the recent work of Burungale—Castella—Skinner [9] dispenses with this hypothesis for the cyclotomic
main conjecture — and the anticyclotomic main conjecture with N~ = 1 — via a new base change
argument.

<X ¥ ; and the local Euler factor at £|disc(K) is det(1 — Frob, ' |T}) = £='(1 + £ — a;) because

7.3. The Heegner point main conjecture. In this subsection, we prove the following main theorem.

Theorem 7.3.1. Let f be a non-CM cuspidal eigenform of weight two and trivial character, new of level N,
with ring of integers Oy of its coefficient field. Let o C Oy be an ordinary prime of residue characteristic p,
and let K be an imaginary quadratic field. Suppose:

o N = NTN—, where every factor of Nt is split in K, and N~ is a squarefree product of primes inert
in K.

e p12N is split in K.

o The modulo g representation Tf associated to f is absolutely irreducible; if p = 3, assume that Tf
is not induced from a character of GQ(\/?3).

Then, for all {Q,eq} € NYV7) such that K(Q) # 0, we have
I"kA Sel].-A(Q) (Tf) = CI‘kA Sel}-A(Q)* (Wf) =1

and
Sel]—'A(Q) (Tf)

Q) )2 in A® Q,.

chary ((Selz,(q)(Wy)Y),.,.) = chary <
For all {Q,eq} € NY W)+ such that A(Q) # 0,
I‘kA Sel].-A(Q)(Tf) = CI‘kA SeI}-A(Q)*(Wf) =0

and
chary (Selx, @+ (Wy)Y) = (A(Q))* in A® Q,.
Under condition (sclr), the equalities hold in A.

Proof. Let (F,S) be the Selmer structure on Ty defined by (44) for § = (T).° Now apply Proposition 6.3.6
to (F,S) to obtain a pair {Q,eq} € N, represented by a sequence {@Qy,€q, } of weakly admissible pairs. Let

01t is easy to check that this is the same Selmer structure as defined in (75) with m = 1, but we omit the proof since it is
not needed for the main results.
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gn be the resulting sequence of newforms of level NQ,, obtained from Theorem 6.2.4; g, may only be defined
for F-many n. Without loss of generality, we assume that all ¢,|Q,, are inert in K.

Step 1. {Q,eq} € NN )+ and A(Q) # 0.

Proof. By Proposition 3.4.5 and Nakayama’s Lemma, Selrq)(7y) = 0 implies Selr, (q)(Tys) = 0, which by
Theorem 3.4.9 and the nontriviality of (k, A) implies the claim. a

Step 2. For any fized j, o
(AQ)) = (Ag, (1)) (mod #?,T7)

for §-many n.

Proof. We use the notations of §4.6 and §5.2. By definition, the image of A(Q) modulo (77,77) is a map
Gal(K;/K) — O obtained, for §-many n, by evaluating a map F, : Mg, — O(f)/n’ of T%"-modules
at certain CM points, where O(f) is defined to be O with T®"-module structure determined by f as in
Definition 4.6.2. Recall that the map F;, is chosen to be surjective after O-linearization and to factor
through O(f)/m7+¢ for the constant C' of Lemma 4.6.5, and that these properties uniquely determine F),
up to a scalar in O*. When g, has a sufficiently deep congruence to f, O(g,)/m+¢ = O(f)/7x7*C as
T%-modules, and the composite G,, : Mg, — O(gn) — O(gn)/m’ therefore induces a unit multiple of
F,, where G,, : Mg, — O(g,) is the (normalized) quaternionic modular form associated to g, by the
Jacquet-Langlands correspondence. (Here O(g,) is O with T@»-module structure determined by the Hecke
eigenvalues of g,.) But by Remark 5.1.3, G,, is the very map whose evaluation at CM points is used to
define A4, (1), and the claim follows. O

Fix j, and restrict to those F-many n such that all ¢,|Q, are j-admissible and inert in K. Then
HY(K,,,W¢[ri]) = HY(K,,,T;) @0 Hom(A, O) for all ¢,,|Q,, and we let
Hérd(KCIn?Wf [ﬂ'j]) = ngd(KLIn’ ,T]) ®o Hom(A, O)
in the notation of (60). Define

Selz, (@, (Wyr’]) = ker (Hl(K’Wf[Wj]) - I B'W@ W) < []H (K, Wy)
vINpQ, 00 v|N

(K Wile) 1 )
“ = X H (Ky,,gr,W¢) ).
I 7, & oy < L e W)

Here, for v|p, gr, Wy = (gr, Ty ® AY)", which is a direct summand of Wy as a A[Gf,|-module. By [66,
Corollary B.3.4] and local Poitou-Tate duality, the unramified subspace of H'(K,, W) is zero for all v| NT,
so (99) coincides with

(99)

ker (Hl(K,Wf[TFjD% H Hl(Ivan)X H Hl(Kvan)
VIN = pQ,, 00 v|N—

" H (Kq,, W[r])
vl;[ ngd(K;,,Wf[ﬂj]) X EH (Kv,grpwf))

Step 3. For any fired j, Selx, (o, )-(W¢ln?]) and Selr: (W, [77]) are isomorphic as A-modules for -
many n.

Here F,,  refers to the Selmer structure for T, defined the same way as (43).

Proof. For §-many n, W¢[r/] is isomorphic to W, [r7] as a A[Gk]-module, so it suffices to compare the
local conditions at all v|NpQ,. For v|N, using the first definition (99), we must compare the kernels
ker (H'(K,, Wy[ri]) = H'(K,,Wy)),

(101) ker (H'(K,, W, [7]) = H'(K,,W,,)) .

Suppose first that TJ{“ # 0; then since Ty and T}, have the same conductor at v, TgI: # 0 as well, so both
Ttlcy, and Ty, |G, are Steinberg representations twisted by the same unramified character. One readily
checks that, for j sufficiently large depending on Ty|q, , Ty = Ty, (mod n7) implies T¢|q,, = Ty, lax,;
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then Wyla, = Wy |g.. , so the kernels (101) clearly coincide. On the other hand, if TJ{“ = 0, then
W?K” C WJIC” is annihilated by 7 for some M > 0. The same is then true for W?f” for §-many n. Since
the kernels in (101) are identified with W?K” Jmd W?K“ and W50 /ni WX | vespectively, these kernels
will coincide provided W ¢[n/+M] = W [r9+M]  which occurs for F-many n.
For places v|p, it suffices to show that the kernels
(102) ker (H' (K., gr, W[r']) — H'(K,,gr, Wy))
(103) ker (H'(K,,gr, W, [17]) = H' (K,,gr, W,,))
coincide. Note that (102) is identified with (gr, W)“x /i (gr, W;)Cxv . If we put gr, Wy = gr, W[T] =
(gr, Ty)Y, this is just (gr, Wy)Cro /7erfGK” since (gr, Wy)™* = gr, Wy, and likewise for (103). Since
Frob, acts on gr, Wy by a, # 1 in the notation of (5.2.3), (gr, Wy)“» is finite and hence identified with
(g‘rp W, n)GKv for F-many n. So the same reasoning as for v|N shows that (102), (103) coincide for F-many

n.
Finally, for ¢,|Q., it suffices to compare the local condition

(104) ker (H' (Kq,, Wy, [17]) = H' (K,,, W, ))

with H! (K, ,W¢[r7]) when ¢, is j-admissible. Let {e1,es} be a basis for Ty, with respect to which
Ty, |Gq,, has the form <68< :) , with * ramified and e the unramified local character Frob,, — €q, (¢n).
Then a direct calculation shows that the kernel (104) is the image of H'(K,, ,e; ® AV[r7]), which is the
same as the ordinary local condition for W under the isomorphism W¢[n/] = W, [r7]. O

Step 4. For any fized j,
Fitta Selr, - (Wy)" = Fitta Selz: (W)Y  (mod 77, T7)
for §-many n.
Proof. Since Fitting ideals are stable under base change, it suffices to show
(105) Fitta Selz, (q)-(Wy)[r/, T7]Y = Fitty Selz- (W, )[x?, T7]".
Recall that Tf has no Gi-fixed pOlIltb by Lemma 3.3.4. Hence Lemma 2.4. 12 applied to the short exact
sequences 0 — W¢[ri] — W L Wy — 0and 0 — W [TV, 77| — W ¢[r7] z, W ¢[m7] — 0 shows that
Selr, (- (Wp)[?, T7] = Selz, (q)- (W [ ])[T7] = Selz, q)+ (W[, T7]),
and likewise for g,,. So it suffices to show that
(106) Fitta Selr, )« (Wy[r?, T7])" = Fitts Selz: (W, [x/])[17]"

for §-many n. Unraveling the definition of the patched Selmer group, and again using Lemma 2.4.12, we
find that

Selz, @y (Wylr?, TV]) = U ({Selzy @) (Wylr!, T}, o )

=U ({Sel]-‘A(Qn)* (Wf[ﬂj})[Tj] }neN> ’

where the Selmer structure Fy(q, )~ for Wy[n?, T7] is induced by the local conditions in (100), so Step 3
implies (106).

(|
Step 5. Conclusion of the proof.

For §-many n, N~@Q, is the squarefree product of an odd number of primes inert in K. By Theorem
7.2.1, for such n we have:

(107) Fitta Selz: (W, )" C (Ag, (1))* C A
By Steps 2 and 4, (107) implies that
(108) Fitty Selz, () (Wy)" C (A(Q))* C A.
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Since the characteristic ideal of any A-module is the smallest divisorial ideal containing the Fitting ideal,
(108) implies

(109) chary Selx, (q)+ (W)Y C (A(Q))? C A.

Combining with Theorem 3.4.9 completes the proof.
a

Corollary 7.3.2. Under the hypotheses of Theorem 7.3.1, if additionally v(N ™) is even, then the Heegner
point main conjecture holds for f in A ® Qp; that is, there is a pseudo-isomorphism of A-modules:

for some torsion A-module M, and

Sel}' (Tf))
chary <A = charp (M)
(=(1))
as ideals of A ® Q. Under condition (sclr), the equality holds in A.
Corollary 7.3.3. Under the hypotheses of Theorem 7.5.1, if additionally v(N ™) is odd, then the anticyclo-
tomic main conjecture holds for f in A ® Qp; that is, there is a pseudo-isomorphism of A-modules:
for some torsion A-module M, and
(A(1)) = charpa (M)
as ideals of A ® Q,. Under condition (sclr), the equality holds in A.
Corollary 7.3.4. Under the hypotheses of Theorem 7.5.1, the bipartite Euler system
(K(L ')a )‘(1? ))
of Remark 5.8.14(1) is nontrivial.

Proof. Keep the notation of the proof of Theorem 7.3.1. By construction Selz(qy(Ty) = 0, so by Proposition
3.3.6 Selr(q)(Wy) is finite. Since H!(KQS /K, W)[T] = H!(KQS /K, W) by Lemmas 2.4.12 and 3.3.4, the
cokernel of Selz(q)(Wy) — Selz, (q)-(Wy)[T] injects into

(110)
H' (K., Wy) H' (K., W) ) 1
[T ker ’ — ’ = [] ker (Hyq (K, Tr)" = HE, @ (K, Tf)Y ).
1 Ko W 1 K. W FQ\Wvs £f Fa(Q)\ vy L f
vesuQ (H]:(Q)( 2 f) HfA(Q)*( 2 f) vESUQ ( A )

We claim (110) is finite: indeed, the natural map HlfA(Q)(K\,7 Ts) — Hlf(Q)(K\,7 Ty) is surjective forv=q € Q
or for v = v with v| N~ by the discussion in the proof of Proposition 3.4.5, and has finite cokernel for all
other v € S by [37, Lemma 2.2.7]. Hence Selz, q)- (W )[T] is finite as well, which implies

chary Selr, (q)-(Wy) Z (T).
Theorem 7.3.1 then shows (A(Q)) ¢ (T), hence A(1, Q) # 0 by Remark 5.3.14(2).

8. PROOF OF MAIN RESULTS: KOLYVAGIN’S CONJECTURE AND p-CONVERSE THEOREM

8.1. Nonvanishing of (x(1,-),A(1,-)) and p-converse theorem. In this section, we shall prove the fol-
lowing theorem:

Theorem 8.1.1. Let f be a non-CM cuspidal eigenform of weight two and trivial character, new of level N,
with ring of integers Oy of its coefficient field. Let p C Oy be a prime, and let K be an imaginary quadratic
field. Assume:
e N = NTN~, where every factor of N* is split in K, and N~ is a squarefree product of primes inert
in K.
e The residue characteristic p of p does not divide 2N disc(K).
o The modulo p representation Tf associated to f is absolutely irreducible; and if p = 3, Tf 18 not
induced from a character of G /=3)-
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o Ifpis inert in K or a, is not a p-adic unit, then there exists some prime {o||N.
o Ifa, is not a p-adic unit, then Hypothesis 8.5.4 holds for both f and f ® xx with respect to p.

Then (k(1,-), A(1,-)) is nontrivial.

Hypothesis 8.5.4 for a modular form f, which we wait to formulate precisely below, asserts that the p-part
of the rank-zero BSD formula holds for any eigenform ¢ with a congruence to f.

8.1.2. If p is split in K and p is ordinary, then Theorem 8.1.1 is simply Corollary 7.3.4. In the inert or non-
ordinary cases, the anticyclotomic main conjecture is currently not known in full generality; however, since
all we are interested in is specialization at the trivial character, we are able to nonetheless prove Theorem
8.1.1 using only rank zero BSD formulas (or cyclotomic main conjectures).

Corollary 8.1.3. Let f, p, and K be as in Theorem 8.1.1. Then
rko Sel}'(Tf) =1 <= L/(f/K, ].) 7é 0.

Here, (F,S) is the Selmer structure for the Gx-module Ty defined by (75) with m = 1.

Proof. If v(N ™) is odd then rko Sel#(T%) is even by Theorem 3.3.15 and Theorem 8.1.1, and L'(f/K,1) =0
by root number considerations.

So without loss of generality, we may assume v(N ™) is even. Then by Remark 5.1.3, k(1,1) € Sel#(T}) is
the Kummer image of the classical Heegner point yx € A(K); in particular, by the Gross-Zagier Theorem
of [82, Theorem 1.2.1], x(1,1) # 0 if and only if L'(f/K,1) # 0. On the other hand, x(1,1) # 0 if and only
if rko Sel#(T) = 1 by Theorem 3.3.15 and Theorem 8.1.1, and this gives the corollary. ]

Before completing the proof of Theorem 8.1.1 in §8.6 below, we first give another application, to the
nonvanishing of Kolyvagin classes.

8.2. Kolyvagin’s conjecture.

8.2.1. Assume the condition (disc) from (5.3.1).
For any m € K and any {Q, eq} € Nsum, define the m-transverse Selmer ranks

(111) rE(Q) = tko Selz(mq) (Tf)™,

where =+ refers to the 7 eigenvalue +1 for a generator 7 € Gal(K/Q); note that this is well-defined because
the local conditions defining F(m, Q) are all 7-stable. When Q = 1, we simply write 7X. When m = 1, the
r¥ are the classical Selmer ranks of f.

Proposition 8.2.2. Fiz m € K, and let | ¢ m be Kolyvagin-admissible. Then for all {Q,eq} € Nsumi, and
for each § € {£}, either:

o 70i(Q) = rh(Q) = 1, loc (Selr(m,q)(T7))° # 0, and & (Selr(mi,q)(T7))° = 0.

o 10,(Q) = 2 (Q) + 1, loc (Sel r(m,q) (T7))° = 0, and & (Selg(mi,q)(T5))° # 0.

Proof. If F'(m,Q) = F(ml,Q) + F(m, Q) and F(m,Q) = F(ml,Q) N F(m,Q), then we have a 7-equivariant
exact sequence

0 = Selz(m,q) (T7) — Selzmq)(Ty) = H'(Ki, Ty),
where the image of the final arrow has O-rank two and is self-annihilating under the local Tate pairing by

Propositions 2.6.10 and 2.6.16. Since the Tate pairing of two classes with opposite 7 eigenvalues is necessarily
zero, the proposition follows as in the proof of Proposition 3.3.8. O

Lemma 8.2.3. Suppose given elements ¢ € HY(K,Ty)*. Then there exists a Kolyvagin-admissible ultra-
prime | such that

A0 = locfci;éo.

If (sclr) holds for Ty, then the same is true for elements c* € HY (K, Ty /7).
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Proof. The proof of Theorem 3.3.10 applies almost verbatim, except that in the proof of Lemma 3.3.12 we
will have two homomorphisms

¢i S HOHIGK(GL,Tf)i,
and we must choose g € G, so that ¢(g) has nonzero component in the 7 eigenspace of sign e for both
choices € (unless ¢° is itself 0); for each e, this condition is satisfied outside a proper subgroup of Gy, so
indeed there exists g € G such that both conditions are satisfied. With this modification, the rest of the
proof applies unchanged. O

Lemma 8.2.4. Suppose that the bipartite Euler system (k(1,-),\(1,-)) of (5.8.12) is nontrivial. Then, for
allm e K, (k(m,),\(m, ")) is nontrivial.
In particular, for allm € K and {Q, eq} € Nsum:

rko Selrmq)(Tf) =v(N7) +[Q|+1 (mod 2);
and
k(m,Q) #0, v(N7)+]|Q| even

rko Selz(mq)(Ty) < 1 < {A(m,ms«éo, v(N7)+1Q| odd.

Proof. Recall that, for fixed m, the pair (k(m,-), A(m,-)) forms a bipartite Euler system with parity v(N ™)
for the self-dual Selmer structure (F(m),SUm) on Tt. We will prove that, for any ml € K, if (k(m,-), A(m,-))
is nontrivial then so is (x(ml,-), A(ml,-)); this suffices by Theorem 3.3.15.

Choose {Q,eq} € Ngfﬁr)ﬂ such that Selrm q)(Ty) = 0; this is possible by Corollary 3.3.14. By Propo-

sition 8.2.2, we may choose a nonzero
de Self(m|7Q) (Tf)
Applying Theorem 3.3.10 to d, let q be admissible with sign e; such that q € Q U ml and locqd # 0. By
Proposition 3.3.8 for the Selmer structures F(m, Qq) and F(m,Q),
(112) I‘k@ SeI}-(m’Qq)(Tf) =1.

Hence, by hypothesis, x(m, Qq) generates Selr(m,qq) (1) up to finite index, and in particular 9qx(m, Qq) # 0.
Now, taking the sum of local pairings and using Proposition 2.6.10,

(113) 0=3"(d. x(m,Qq)), = (d. x(m, Q@) + (d, £(m, Q).

Since the latter pairing is nonzero by construction, the former is as well, and so Res x(m,Qq) # 0. By
Proposition 5.3.13(1), x(ml,Qq) # 0 as well, which completes the proof. O

8.2.5. For any m € K| define the vanishing order of the Kolyvagin system at m:

_ {min{|n| :mn € K, A(mn,1) # 0}, v(N7) odd,

(114) min {|n| : mn € K, k(mn,1) #0}, v(N~) even.

Theorem 8.2.6. Assume (disc). If (k(1,-),A(1,-)) is nontrivial, and in particular under the hypotheses of
Theorem 8.1.1, we have for all m € K:
o Ifv(N™) is odd, then vm = max {ri,r} and ey = (—1)T$+|m|.
e Ifu(N7) is even, then vm = max {rj,rn} — 1 and €; - (—1)IM+m+1 s the T-eigenvalue of the larger
etgenspace.

m

Proof. For ease of notation, let § = 0 if ¥(N7) is odd, and 6 = 1 if (N ™) is even. Suppose given mn € K
such that A(mn, 1) or k(mn, 1) is nontrivial; then

rk(g Sel]:(mn)(Tf) =4
by Lemma 8.2.4. In particular, the kernel of the localization map
Sel]:(m)(Tf)i - @ H&nr(Kh Tf)i

l€n

has rank at most . It follows that max {r,r.} — & < v,. We now show that equality holds by induction
on max {r},r}. If max{r,r,} <4, then Lemma 8.2.4 implies vy, = 0 = max {r},r,} — 4.
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Now suppose that max {r},r.} > &, and let € be the sign of the larger value of r (choose either if
they agree). If r.¢ > 0, then by Lemma 8.2.3 and Proposition 8.2.2, there exists | € K not in m such that
Tr::I =rE — 1. In this case, max {rnfl, rnjl} = max {r,,,r,} — 1. Hence (by the inductive hypothesis)

Vm §Vm|+1=max{7‘r‘:|,rn:|}—6+1=maX{7‘$77“;}—5~

Since we have already shown the opposite equality, this completes the inductive step under the assumption
rm¢ > 0.

If on the other hand r ;¢ = 0, then r¢, > § + 2, since r} +r, = 4§ (mod 2) and we have assumed r¢, > 4.
Then by Lemma 8.2.3 and Proposition 8.2.2 again, we may choose | € K such that r{, = 75, — 1, while
necessarily r, =1 <041 < r;,. Hence max {T;,r;l} = r{, — 1, and the same argument as above again
completes the inductive step.

Finally, we consider the parity assertions of the theorem. If ¥(N7) is even, i.e. if § = 1, then the Selmer
ranks r& are always distinct by Lemma 8.2.4. As we pass from m to ml in the inductive step above, the
sign of the larger eigenspace is preserved, and vy + |m| = vy + |ml|. It therefore suffices to show that
€f- (—1)Iml+m+1 g the eigenvalue of the larger 7 eigenspace when vy, = 0, i.e. when x(m, 1) # 0. In this case
it follows from Proposition 5.3.9.

When v(N7) is odd, then whenever A\(mn) # 0, Proposition 5.3.9 implies that ¢; = (—1)Im"l. Hence

12 max{rt r-
T

which proves the claim since 7+ have the same parity when v(N~) is odd.
O

8.2.7. It remains to relate the nonvanishing of the patched Kolyvagin classes to the nonvanishing of their
unpatched analogues. For this, recall the notation of Definition 5.3.4, and let m be a squarefree product of
primes inert in K. If »(N7) is even, let ¢(m) € H'(K,Ty/I,) be the class ¢, (z,,)(m,1); if v(N7) is odd,
let A(m) € O/I,, be the element \,_(z,.)(m,1).

The classical vanishing order, generalizing Kolyvagin’s original definition, is defined as:

Vclassical “— {mln {V(m) : )\(m) 7& 0}’ V(Ni) 0dd7

(115) min{v(m) : ¢(m) # 0}, v(N~) even.

Corollary 8.2.8. Assume (disc). If (k(1,-), A(1,-)) is nontrivial, and in particular under the hypotheses of
Theorem 8.1.1, Velassical 45 finite. If (sclr) holds for f, then Veassical = V1, and in particular:

o Ifv(N7) is odd, then Velassical = Max {rf, rf} and 17 = €f2_1 (mod 2).

o Ifu(N7) is even, then Velassical = Max {rf‘, 1"1_} —1 and e - (—1) T ¥emssical s the larger T eigenspace.

Proof. The finiteness of the classical vanishing order is clear by construction: if a patched Kolyvagin class
or element is nontrivial, then infinitely many of the classical Kolyvagin classes or elements defining it are
nontrivial. This also shows Vejassical < V1. We will check that equality holds under the condition (sclr).
Suppose first ¥(N7) is even. Given some nonzero ¢;(m,1), one may show as in [51, p. 309] that there
exists a sequence of squarefree products m,, of primes inert in K with v, (I, ) — 00, v(m,) = v(m), and
¢j(my,1) # 0. (In [51], additional hypotheses are put on the image of the Galois action, but the argument
goes through under (sclr) by arguing as in Lemma 8.2.3.) In particular, the sequence (mp)nen defines a
nonzero x(m, 1) witnessing 11 < Velassical-

Now suppose that ¥(N7) is odd, and that A\;(m,1) # 0 where v(m) = Vclassical. Let d be the sign of
the larger 7 eigenspace of Selx(Ty). We claim we can choose an admissible ultraprime q with sign § such
that locq Selz(T¢) = 0. Indeed, it suffices to take q where Frobq € Gg is a complex conjugation (which is
possible by the Chebotarev density theorem): then any class ¢ € Sel#(Ty) is a genuine (non-patched) cocycle
c € H'(K,Ty), and locg ¢ is the unramified cocycle represented by Frobg — c(Frobi) =c¢(1)=0.

Let {qn }, ey represent g, where without loss of generality each g, is inert in K and j-admissible with sign
. By the non-patched analogue of Proposition 5.3.13(2), we have ¢;(m, ¢,) # 0 for F-many n. Then once
again, the argument of [51, p. 309] shows that there exists a sequence of squarefree products m,, of primes
inert in K with g, { my, v(my) = v(m), ve(Im,) — 00, and ¢;(my,,q,) # 0 for F-many n. We therefore
obtain a nonzero patched class x(m,q) with |m| = Velassical. By the reciprocity laws, we have A(m, 1) # 0 if
and only if 9qk(m,q) # 0, and this will imply the corollary by exhibiting 11 < |m| = Velassical. S0 without
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loss of generality, we may assume Jqr(m,q) = 0. Since x(m,q) generates Sel z(m q)(Ty) up to finite index, by
Proposition 3.3.8 we must have rko Selz(m,1)(T) = 2 and locq Sel (m,1)(Ty) # 0. Since locq is T-equivariant,
this requires in particular locq Sel}-(mJ)(Tf)‘S # (0. By the choice of q, then Sel;.-(,ml)(Tf)‘S ¢ Selr(T¥).
If m = I1...ljm, then by repeatedly applying Proposition 8.2.2, there must be some 1 < 7 < |[m| with
. _, +1, which implies r§, > r{ —|m|+2 = 4 —|m|+2. On the other hand, |m| < vy and 7}, <2,
so we conclude v = |mj.

b .0
Tl =T

]

The rest of §8 is dedicated to proving Theorem 8.1.1, culminating in §8.6 below.
8.3. Comparing periods.

83.1. Let f, p, N, O, E, m, V§, Ty, and Wy be as in §1.6. For any factorization N = N; Nz with Ny
squarefree and coprime to Ny, let m C Ty, n, be the maximal ideal associated to f and p; recall from
(4.2.1) that Ty, n, is the No-new quotient of the full cuspidal Hecke algebra of level N.

8.3.2. There are two natural periods that appear when studying special values of L-functions for f, cf.
the discussions in [59, §2] and [77, §2]. For any factorization N = NjNs, where Ny and N» are coprime,
let 7 @ Ty, Nym ®z, O — O be the map defined by the Hecke eigenvalues of f. The congruence ideal
n¢(N1, N2) C O is defined as

(116) T (AnnTNl‘Nz,m®Zpo(ker 7rf))'

If ny (N1, N2)o € Oy () generates 1y (N1, No), then Hida’s canonical period, well-defined up to a gp-adic unit,
is given by:

(117) QF" = M

where (f, f) is the Petersson norm:

(f, 1) = (2ri)? / f (@ + iy)Pdady.

Lo (N)\H
(Here 27i is the usual complex number; we apologize for the conflict of notation with 7 € O.) Also define
ij to be 2mi times the periods of [72, §3.3.3] for f, and recall the periods Qi from the proof of Theorem
7.2.1 when p is ordinary. Then Q%" is related to Qi and Q? by the following:

Proposition 8.3.3. We have Q%" = Q;{QJT up to p-adic units. If  is ordinary, then in addition Q3" =
Q} QJT up to p-adic units.
ap” oy

Proof. The first claim follows from [77, Remark 2.7]7 or [73, Lemma 9.5], whose proof does not need the
assumption in op. cit. that p||N. Now suppose p is ordinary. By [72, Lemma 12.1] combined with [36,
(4.7)], we have

L (£, )
Yoy Yow = = (N 1)

up to g-adic units, where ny(Np,1) is the congruence ideal for f,, viewed as an eigenform of level I'g(Np).
The argument in [26, p. 388] shows that n,(Np,1) = (ai — (p+ 1)*)ns(N,1). On the other hand, since
ap+p/ay = ap, we have a2 — (p+1)* = (o —1)(1—p*/a2), where the second factor is a p-adic unit. Hence
Q';ap Q]Tap = Q;‘L‘m up to g-adic units, which completes the proof. O

"To check that the two definitions of Q%" in [77, Remark 2.7] coincide, one can argue using [36, Theorem 6.6].
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8.3.4. If N = N1 N, where N is squarefree with an odd number of prime factors, then the f-isotypic part
of the Hecke module Of[Xn, n,](p) is free of rank one over Oy ); let ¢f N, be a generator. For each
x € XN, N,, recall that z is an isomorphism class of oriented Eichler orders; let Aut(z) be the automorphism
group of any representative (automorphisms in the sense of (4.4.1)) and set e(x) = # Aut(z). Let (-,-) be
the diagonal pairing on Z[X n, n,] with weights e(x), and extend (-, -) O-linearly to a pairing on O;[Xn, n,].
Gross’s period is defined (up to g-adic units) by:
(£, )
(Pf.N2F.N2)
This period is the same one from [20, Theorem A] that appeared in the proof of Theorem 7.2.1, and occurs

naturally in anticyclotomic Iwasawa theory due to Gross’s special value formula. In particular, for the central
values, we have:

(118) Qf.n, =

Proposition 8.3.5. Let K be an imaginary quadratic field of discriminant prime to Np, and suppose that
N = Ny N5 where all factors of Ny are split in K, and N is a squarefree product of an odd number of primes
inert in K. Then L(f/K,1) € Frac(Oy) - Qy n, and the element A(1) € O constructed in (5.8.12) satisfies:

L(f/K,1
(119) LUTED _ \ )2
QﬁNz
up to p-adic units.
Proof. This is well known, but details can be found in [13, Theorems 1.2, 1.8]. |

8.3.6. For any /|| N, let ¢;(¢) be the maximal exponent e such that Ty/7° is unramified as a representation
of G@e'

Theorem 8.3.7. If N = N1 Ny where Ny is the squarefree product of an odd number of primes not dividing
Ny, and if {o]|N is any prime, then

S ep(6) — (N + 2)es () < ordy N2 < 3™ e (0) 4 2e4(fo).

£|Na2 g 2N
Proof. By definition, we have
Qf7N2 _ nf(Nal)O
Q" (PfNas PFNG)
so the theorem follows from Theorem A.3.6 of the appendix. ]

8.4. Ordinary cyclotomic Iwasawa theory.

8.4.1. In this subsection, we assume p is a prime of good ordinary reduction for f. Let Q. /Q be the
cyclotomic Z,-extension, and let I'g,, = Gal(Qo/Q). Recall that Fil; Ty C Ty is the unique Gg,-stable
line on which I, acts by the cyclotomic character, and gr, Ty = T/ Fil; T. For the ring of integers A of a
finite extension of @, containing O and a finite set ¥ of finite places of Q, we consider the cyclotomic Selmer
group, analogous to (87):

Selg_ a(f) = ker (Hl(Q,Tf ®o A[lo.]Y) — H HY(1,,Tf ®0 A[lo. 1Y)
(120) Lgxu{p}

x H*(I,, gr, Tr ®o A[[F@w]]v)> .

We shall abbreviate Ag_ = O[q.]. Let L¥(Qx, f) € Ag.. be the S-imprimitive cyclotomic p-adic L-
function denoted L’?’w in the notation of [72, §3.4.4], with ¢ = 1.
Kato has proven one direction of the main conjecture in this setting [40, Theorem 17.4]:

Theorem 8.4.2 (Kato). Let f be a modular form of weight two, level N, and trivial character, and p C Oy
a prime of good ordinary reduction with odd residue characteristic. Then Sel(%wo(f) is Ag_ -cotorsion and

Lp(Qoo, f) C charp, Sel(%wo(f)v
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8.4.3. Under stronger conditions, Kato additionally proved that the inclusion holds in Ag_ . For the opposite
direction of the main conjecture, we deduce the following result from the work of Skinner-Urban [72]. In
the proof, we shall freely use the notations from the proof of Theorem 7.2.1. In particular, for any A, let
Leye @ A[Tg.. ] — A be the specialization at the trivial character, which is consistent with our earlier notation
since I'g__ is identified with T'° for any quadratic imaginary field K.

Theorem 8.4.4. Let K be an imaginary quadratic field of discriminant prime to Np in which p splits.
Assume that p is ordinary for f, that p{2N, and that:

e the mod p representation T'¢ is absolutely irreducible as an O|Ggl-module;
o N = Ny N>, where every factor of Ny is split in K and N is the squarefree product of an odd number
of primes inert in K.

Then there exists a finite extension of Q, containing O, with ring of integers A, and an element o € A[T'gq |
such that

Qf N,
ordy Teye(a) = ord, fo +3 ord (1% + Z ord, (14 € — ay)
£| N2 £| disc(K)

and

(a) ) CharA@(x, Sel%oo,o(f)v : CharAQoo Sel(%gomo(f ® XK)V C (LP(QOO7 f))(L;D(Qooa f ® XK))
mn A[[F@oo]].

Proof. Let ¥ be the set of rational primes dividing Npdisc(K), and recall the divisibility established in the
course of the proof of Theorem 7.2.1 for the characteristic ideal of the 3-variable Selmer group:

(121) (O[z) . ChaI'HHFK]] SeliomA(f)v C ("S’ﬂfz,:K)
in I[T' k], where, by Remark 7.2.2(1) and Proposition 8.3.3, a; € I[I';Y°] may be chosen such that
ordy Leye 0 ¢(0;) = ordy (.3, /Q5™) + D orde(1 =)+ Y orde(14£—ay).
£|No £| disc(K)

Let a := ¢(«;) for such a choice of ;. Combining (121) with (92) we have a divisibility

(@) -chargry_J Selim,A(f)v Co¢ («iﬂf?f{) .
in A[lk]. Now, by Lemma 3.6, Proposition 3.9, and §3.4.6 of [72] — using Lemma 7.1.3 to check the
hypotheses of Proposition 3.9 in loc. cit. — the preceding divisibility yields
(122)  (a) - charagr, _Selg_ a(f)" - charam, jSelg  4(f @ xx)" C (L} (Qoo, /))(L} (Qoo, f @ XxK))-

Then by [72, Lemma 3.13(ii), Proposition 3.14], we obtain the imprimitive divisibility

(123)  (a) - charapr,_jSeld  A(f)Y - charapr, _3Seld_ 4(f ® xx)" € (Lp(Qoos £))(Lp(Qoos f ® XK ))-

By the cyclotomic analogue of (88), we can replace the characteristic ideals on the left hand side with
their analogues over O, which gives the theorem. ]

8.4.5. Let Vy = Ty @ Qp and let H;(Q,, Wy) C H'(Q,, W) be the image of the Bloch-Kato local condition
H}(Qp, V) under the natural map H'(Q,, Vy) — H'(Q,, Wy). Then we consider the Q-Selmer group

Hl(vawf)

124 Sel(Q, W;) == ker | H'(Q. W HY Qe W) X 256757
(124) QW) i=er | HHQWy) — [T Q0 W) X rig2 )

LF#p

This definition also makes sense without the assumption that p be ordinary. However, in the ordinary case,
we have:

Proposition 8.4.6. Let o, be as in (5.2.3). Then

ord, Leye (chaur,\Qoo Sel(%myo(f)v) =lgoy Sel(Q, Wy) + Zlgo H(Qp, Wy) +20rd. (1 — ).
oqN
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Proof. By Theorem 8.4.2 combined with [72, Lemma 3.13(i), Proposition 3.14], Seléoo,@(f) is Ag,_-cotorsion
for all finite sets of primes ¥. Then by [72, Proposition 3.20], Seléw,o(f)v has no pseudo-null submodules

for a sufficiently large finite set of primes X. By the same argument as [30, Proposition 4.14], this implies
that Sel(%wo( f)V contains no pseudo-null submodules as well. Hence
(125) ordy Leye(chara,_ Sel o (f)Y) =1lgo Seldy o (f)IT],

where T'=~ — 1 € O[I'g_ ] for a topological generator v € I'g__ .
Now note that, by the same reasoning as in the proof of [40, Lemma 17.9],

(126) Hj(Qp, Wy) =im (H}(Qp, Filt Ty ® Q) — H'(Qp, Wy)) .
In particular, H }(Qp, W) lies in the kernel of the natural map
H' (Qp» Wf) — H' (Qp» gry, Wf)v

and hence also in the kernel of the map H'(Q,, Wy) — H'(I,,gr, Ty ® Ag..-)
Then by the arguments of [30, Lemma 4.3, Lemma 4.6], we have

lgo Selfy_ o ()[T] = lgo Sel(Q, Wy) + > lgo ker (H'(Qe, Wy) = H'(Qr, Ty ® AY_))
L#£p

(127)
+1gp ker (

Hl(QP7 Wf)
H}(va Wf)

For the kernels at £ # p, note that the map H'(I,, Ws) — H'(I;,Tf @ A(éoo) is injective. Indeed, its kernel
is identified with

— H' (I, gr, Tf ® Aéw)> :

(Tf ® A(\éoc )Ig /T(Tf ® A(\éw)le

by the long exact sequence associated to multiplication by 7" on Ty ® Aéw, and (T ® Aéw)lf is T-divisible
because £ is unramified in Q.
On the other hand, H,,.(Q¢, Ty ® Ag_) = 0 by [59, Remark 3.1] (or by [66, Corollary B.3.4] and local

Poitou-Tate duality). So the terms for £ # p in (127) coincide with

lgo Hler(Qh Wf)’

which vanishes for £ Np.

For the term at p, note first that, if Ay is the associated G La-type abelian variety to f as in Remark
5.1.3, then H}c (Qp, Wy) coincides with the image of the local Kummer map Af(Q,) — H}(Qp, Wy) by [4,
Examples 3.10.1, 3.11]. Then the argument of [30, Lemma 3.4], which is readily adapted to the case of
GLo-type abelian varieties, shows that the the term at p is 21gy H°(Qp, gr, Wy) = 20rd,(1 — o), which
completes the proof.

O

8.4.7. Denote by u(f) the p-invariant

(128) p(f) = ord(gy (charAQOO Sel%oo)o(f)v) < 0.

From Theorem 8.4.4, we obtain the following weak form of the BSD formula for f.
Corollary 8.4.8. Let f and K be as in Theorem 8.4.4. Then we have

L(f 1 0
ord, (f.’l,_ ) < lg(’) SGI(Q,Wf) +ﬂ(f ®XK) +ord, fiN2
Qf Q(}an
+Zordw(1—€2) + Z ord;(1+¢— ay)

£|Ny £] disc(K)

+Zlg0 Hlllnr((@lv Wf)
LN
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Proof. The divisibility in Ag,, ® Q, from Theorem 8.4.2 applied to the quadratic twist f ® xx can trivially
be upgraded to a divisibility in Ag_ by inserting a p-invariant:

(129) ()" &X) (L (Quo, f ® xx)) C charp_ Seld)  o(f ® xx)".

By Theorem 8.4.4, we also have
(130) (@) - chara, _ Sel® o (f)" - chara,_ Sell)  o(f ® xx)¥ C (Lp(Qocs f)) - (Lp(Qos, f @ XK))-
Combining these two equations, we have

() - (p)“(f‘g’x’() -chary, Sel%w@(f)v -chary, Sel(%wo(f ®xK)"

(131) ,
C (Lp(Quo, f)) - charp, SelQW’O(f ®xK)".

Since characteristic ideals are divisorial and chary,__ Sel(%wo( f®xK)¥ # 0 by Theorem 8.4.2, we obtain

(132) (@) - ()& - chary,  Seld)  o(f)" € (Lp(Qoos f))-

We now specialize both sides at the cyclotomic character and obtain

(133) ordy Teye(a) 4 p(f ® xx) + ordy Teye(chara, Sel(%w@(f)v) > ordy Leye(Lp(Qoo, f)).

Combining Proposition 8.4.6 with the interpolation formula for L,(Q, f) in [72, §3.4.4] and the formula
for ord,; Leyc(er) in Theorem 8.4.4, (133) gives the corollary.
O

The following lemma will be needed to control p-invariants in our application of Corollary 8.4.8.

Lemma 8.4.9. Continue to fix f as above, and let g be another Hecke eigenform of weight two and trivial
character, new of level M, with Oy the ring of integers of the number field generated by the Hecke eigenvalues
of g. Suppose given a good ordinary prime o, C Oy such that Oy, is isomorphic to O, and let T, be the
corresponding O|Ggl-module. If T,/m? =2 Ty /77 for some integer j > u(f), then u(f) = pu(g).

Proof. A direct calculation shows that the p-invariant of H'(Qg,Tf ® Ag_) vanishes for all £. Hence pu(f)

is also the p-invariant of chary, Selémo( f)V for any finite set of primes ¥, and likewise for g.
If ¥ contains all primes dividing N M, then it is not difficult to check using Lemma 2.4.12 that

(134) Selg... o (/)] = Selg _ o(9)[n]

as Ag, -modules. Let My and M, be the Pontryagin duals of Selgwo(f) and Seléwo(g), respectively, and
let P = (p) C Ag... Then we have an isomorphism of Ag_ -modules

My /%7 =~ My /P
Since pu(f) = 1g My ¢y < j, where (B) denotes the localization,
(135) My, o) /%7 = My ) /B~
as Ag__ (p)-modules, which implies the same for g. Therefore Mgmg)/‘ﬁj = M, (), 50O

lg My () = 1g My () /B = lg My o) /B = 1g My (),

as desired. O

8.5. Non-ordinary case. In this section, we continue to let f, p, N, O, E, 7, V¢, T¢, and Wy be as in
§1.6, and no longer assume that g is ordinary for f.
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8.5.1. Let

H'(Q,, Wy)

(136) H}(Z[1/p],Wy) = ker | H'(Q.Wy) — [ H' (1o, Wy) % HHQy, Wy)

L#£p
The relation to the Selmer group from (124) is:

Proposition 8.5.2. With notation as above,

(N
Proof. By definition, we have an exact sequence
(137) 0 — Sel(Q, Wy) — HH(Z[1/p], Wy) — [ [ Hune(Qe, Wy).
oN

Since H.},,(Qg, Wy) is finite for all ¢, we can assume without loss of generality that H}(Z[l /p], W¢) and
Sel(Q, Wy) are finite. In this case [30, Proposition 4.13] implies that (137) is exact on the right as well,
which implies the proposition. (|

The p-part of the Tamagawa number conjecture for f is the assertion [40, p. 237 and Proposition 14.21]:

Conjecture 8.5.3 (TNC). We have

orde it = lgo H}(201 /)W)

Consider the following condition on f.

Hypothesis 8.5.4. For any non-CM cuspidal eigenform g of weight two and level NQ, with Q > 1 square-
free, with ring of integers O4 of its coefficient field, and with a prime p, C Oy and an isomorphism
Ogp, =0, if o

T,=Ty
and g, Sel(Q, W) < oo then Conjecture 8.5.3 holds for g.

Remark 8.5.5. Hypothesis 8.5.4 is expected to follow from the non-ordinary Iwasawa main conjecture for
g, as formulated by Kato [40]. When O, = Z and a,(g) = 0, this conjecture (or rather its reformulation
by Kobayashi [45]) has recently been established in [11]. However, even if a,(f) = 0 and Oy = Z, the
application of Hypothesis 8.5.4 in the proof of Theorem 8.1.1 requires us to allow a,(g) # 0 and O general.
The case with a,(g) # 0 is significantly more subtle and appears out of reach of current methods.

8.6. Proof of Theorem 8.1.1. By Corollary 7.3.4, we may assume without loss of generality that we are
not in the split ordinary case; so by the assumptions in Theorem 8.1.1 we can fix once and for all a prime
{||N. In the ordinary case, fix as well an auxiliary quadratic imaginary field F', not contained in K (7),
such that ¢y is inert in F' and every other factor of Npdisc(K) is split in F. Let (F,S) be the Selmer
structure of (75) with m = 1.

As in the proof of Theorem 7.3.1, apply Proposition 6.3.6 and Theorem 6.2.4 to obtain some {Q,eq} € N,
represented by a sequence of weakly admissible pairs {@Qy, g, } as in Remark 4.6.8, and a resulting sequence
of newforms g, of NQ,; in the ordinary case, we make sure to choose each q € Q such that Frobq has
trivial image in Gal(F/Q), which is clearly possible. The choice of {Q, eq} from Proposition 6.3.6 includes
the condition that Selr(q)(7y) = 0. We claim that A(Q) # 0, for which — by the same reasoning as Step
2 of Theorem 7.3.1 — it suffices to show ord, Ay, (1) is uniformly bounded for §-many n. Combined with
Proposition 8.3.5, we wish to show

L(gn/K,1)

(138) ord,
Q,,.N-Q.

<y

for some constant C; depending only on f, p, ¢y, F', and K, and for §-many n.
We first claim that, for a constant Cy depending only on f, g, £y, and F', we have the inequality

L(gn,1
(139) ord, (é+ ) <lgp Sel(Q, Wy,) + Z lgo Hino(Qe, Wy,) + Co.

gn YNQn




KOLYVAGIN’S CONJECTURE AND CONGRUENCES 81

In the non-ordinary case, this is immediate from Hypothesis 8.5.4 and Proposition 8.5.2. In the ordinary
case, we have to bound the extra terms appearing in Corollary 8.4.8 for g, and F, i.e.

(140) w(gn ® xF) + ord, an,eo +ord, (1 —£2) + Z ord, (1 + ¢ — a¢(gn)).

gn 0] disc(F)

The p-invariant term is equal to u(f ® xr) for F-many n by Lemma 8.4.9; the term ord, &Zlff’ is bounded

by 3¢, (o) by Theorem 8.3.7, which coincides with 3¢y () for F-many n. Finally, for any ¢|disc(F),
1+ ¢ —ae(f) # 0 by the Weil bound, so for F-many n ord,(1 + £ — a¢(f)) = ordz(1 + £ — a¢(gn)). This
proves (139). The exact same reasoning applied to f ® xx and g, ® xx shows there exists a constant Cj,
now depending on f, g, £y, F, and K, such that

Lign ® xx, 1
(141) Ord‘ﬂ' M S lgo Sel((@’ Wgn ® XK) + Z lgo H&nr(@@ Wgn 0y XK) + 03

QQn@XK {NQ,

holds for §-many n. By [73, Lemma 9.6] (whose proof does not require the assumption in op. cit. that
p||N), Q;n®x;< coincides with €2 up to a p-adic unit; in combination with Proposition 8.3.3, we have

+ + can
(142) QF o =0

Let Fy, be the Selmer structure for the Gg-module Wy, which is dual to the analogue for g,, of (75) with
m = 1. By Shapiro’s lemma (and comparing the definitions (75) and (124)), we also have

(143) Sel]:g ( Qn) - Sel(@? (]n) @ Sel(@? W‘]n ® XK)
Then combining (139), (141), (142), and (143), we have

L(gn/K, 1
(144) ord, % <lgp Sel (W, Z lgo Hyp (Ky, Wy, ) + Co + Cs
gn vINQn

for F-many n. Now note that, for all v|N, lgp H, (Ko, W,,) = lgp Hy (Ky, Wi) < oo for §-many n;

on the other hand, using the explicit form of T, |c,, ~ from the end of Step 3 of Theorem 7.3.1, we have
lgp H (Ky, s Wy.,) = ¢g, (qn) for all ¢,|Q,. So (144) becomes

L(gn/K, 1)

145 dr
() g

<lgp Selr, (Wy,)+ Y cq,(qn) + Ci
dn |Qn

for F-many n and for a constant Cy depending on f, g, £y, F', and K.
Now by Theorem 8.3.7, (145) becomes

L(g./K,1)
gn, N~

(146) ord, <lgp Selr, (Wy,) = Y ¢, () + (W(N™Qn) + 2)cg, (L) + Ca.

N
Again using that ¢, (¢) = ¢;(¢) for F-many n and for all £||NV, (146) becomes

L(gn/K,1)

147 ord,
(147) Q.

< lg(’) Selfgn (Wgn) + C5
for §-many n and for a constant C5 depending on f, p, ¢y, F', and K.

Now arguing as in in Steps 3 and 4 of the proof of Theorem 7.3.1, but replacing the local arguments at
v|p by [32, Lemma 7] combined with [61, Théoréme 3.3.3], we find

(148) #Selr, (W, )[m'] = # Selzq)(Wy)[n']

for any j and for §-many n. Since Selr(q)(Wy) is finite by Proposition 3.3.6(3) and the choice of Q, it follows
from (148) that # Selr, (Wy,) = # Selrq)(W;) for F-many n.
In conjunction with (147), this shows (138) and completes the proof.
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APPENDIX A. DEGREES OF MODULAR PARAMETRIZATIONS AND CONGRUENCE NUMBERS

Al. Overview. Let f, p, N, O, E, m, V¢, T¢, and Wy be as in §1.6, and keep the notation of §8.3. In this
appendix, we extend the results of [41, §3.2] and [65] on the degrees of modular parametrizations associated
to f. There are two directions in which we must generalize their work: first to allow general coefficient rings
O, and second to not require that N be squarefree, at the cost of an error term in the final result.

In [65], it is assumed that Oy = Z; in [41], this hypothesis is relaxed to the assumption that O is absolutely
unramified and generated over Z, by the Hecke eigenvalues of f (whereas in general the Hecke eigenvalues
only generate a finite-index subring of O). In [59, §6], the results are stated for general coefficients with N
squarefree, but some of the proofs are incomplete as written.

The ultimate goal of this appendix is Theorem A.3.6 below, which is crucially used in §8. If N is squarefree,
then there exists a prime ¢||N such that Tﬂgw is ramified, in which case the error terms in Theorem A.3.6
can be chosen to vanish and we recover the statement of [59, Theorem 6.8].

A.2. Constructions and notations.

A.2.1. Recall the abelian variety Ay from Remark 5.1.3, and fix an isomorphism End(As) = Oy. Since the
Gg-module Ay[p] is absolutely irreducible, we can choose a polarization A : Ay — A}/ such that the induced
map on g-adic Tate modules is an O-linear isomorphism

)\* . TpAf :—) TpA}/

(Note that the Rosati involution associated to A is trivial since, as f has trivial central character, Oy is the
ring of integers of a totally real field.)

For a factorization N = N;Ns, where Ny is the squarefree product of an even number of primes not
dividing Ny, we choose a Hecke-equivariant map &y, n, : JV V2 — A ¢ such that the image of the induced
map T,JVNN2 — T, Ap — T, Ay is not contained in pT,As. (Recall from (4.3.1) that JN1™2 denotes the
Jacobian of the Shimura curve Xy, n,.)

A.2.2. For the rest of this subsection, abbreviate J = JN1:™2 and ¢ = £y, n, for some factorization N =
N1 N3 as above. If m C T, n, is the maximal ideal associated to f and g, let

(149) € Tud @, O = TyAj

be the natural map, with T,,J as in (4.2.2). Let d(O) be the different of O/Z,, so that the modified trace
pairing

(150) tr'(z,y) = tro,z, (m= 4O zy)
defines an isomorphism
O = Homg, (0,Zy).
We then define the O-linear pullback map
(151) & TPA}/ — Homgz, (O, TwJ) tr,%> Twl ®z, O
za = (= & (axq)).
The composite
(152) T A 25 T,AY &5 T d @, 0 55 T, A
is O-linear and Gg-equivariant, hence is given by multiplication by some element of O; let

5(N1,N2) cO

be the ideal generated by this element. Since tr’, A, and & are all well-defined up to p-adic units, 6(Ny, N2)
is independent of the choices made to define it.
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A.2.3. For any fHN, set Xg(Af)o = Xg(Af) Ro; O, Xg(A}/)@ = XZ(A}/) oy O, and Xg(])o = Xg(J)m ®z,
O, with notation as in (4.1.1) and where m denotes the m-adic completion. Let (-,-)4 and (-,-); be the
monodromy pairings on Xy(AY) x Xy(Ayp) and Ap(J) x Xy(J), respectively, using that J is canonically
principally polarized.

Then we define (-,-) ;.0 to be the O-valued pairing on Xp(J)e linearly extending (-,-),, and define

<-, '>A,O : Xg(A\f/)o X X[(Af)o -0
by
tr' " (24, ya)a,0(@) = (0ma,ya)a = (T4, aya)a.

Repeating the construction of (A.2.2) on the level of character groups, we obtain O-linear maps
f* : Xg(J)(/) — XZ(A}/)()

and
£ X(Af)o — Xe(J)o.

These maps can also be obtained functorially from (149), (151) by identifying the O-modules Xy(A})o,
Xi(Af)o, and Xy(J)o as the maximal O-submodules of T, Ay, TpAy, and Ty, J ®z, O, respectively, on which
the Gg,-action is unramified and Frob, acts by ¢ times a root of unity, cf. the diagram on [21, p. 318]. In
particular, for each £ the composite

(153) XA o 25 Xe(Ap)o S5 K)o <5 X(AD)o
is multiplication by a generator of §(Ny, Na).
Lemma A.2.4. For any (||N, the map &. : Xo(J)o — X(Af)o is surjective.
Proof. Let B C J be the image of AJY under the dual map

&Y. Ay — J,
so that ¢V factors as

A} 5B J

with ¢ an isogeny. By [22, Theorem 8.2], the natural map X;(J) — Xy(B) is surjective, so the image of &,
is identified with the p-adic completion of

X =) (poa) X(B)C Xi(AY).
acOy

View X, X;(AY), and X,(B) as constant group schemes over F. By the discussion preceding [22, Theorem
8.6], there is a canonical inclusion

(154) ker <Hom(Xg(AJVc), G,n) 2, Hom(Xg(B),(Gm)) Ckerpoa
for all o # 0 in Oy. On the other hand, by duality, we have
(155) Hom(Xo(AY)/X, Gr) = Naco, ker (Hom(Xg(A}/), Gyn) 1229, Hom(Xg(B),Gm)) :

so by (154) it suffices to show
(ﬂaeof ker ¢ o a)p = 0.

This follows from the choice of £, so the lemma is proved. |
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A.2.5. For any £||N, let Xo(J)o[f] C Xi(J)o denote the maximal f-isotypic subspace for the action of the
Hecke algebra Ty, n,,m ®z, O. By construction, the map £* : Xy(Ay)o — Xy(J)o has image contained in
Xe(J)o[f]- Then Lemma A.2.4 has the following corollary.

Corollary A.2.6. There is an isomorphism of O-modules

Xe(J)olf]
§* X (Af)o

Here ®;(J) and ®;(Ay) denote the component groups of the Néron models at ¢.

~ coker (‘bg(J)m ®z, O — ®4(Af) ®o, O) :

Proof. Consider the following commutative diagram with exact rows:

0 —— X(J)o 2% Home (Xe(J)0, 0) — By(J)m @z, O — 0

(J
(156) J ) J&* |

0 — Xe(AY)o "2 Homo (Xe(Af)o, 0) —— ®4(Af) @0, O — 0.

Here, the exactness of the rows is immediate from [34, Théoréme 11.5], and the commutativity results from
the definitions of &, and £* along with the functoriality of the monodromy pairing. By Lemma A.2.4, the
first vertical map is surjective, so the snake lemma induces an isomorphism

coker £ ~ coker (¢(J)m @z, O = P(Af) ®o, O) .
On the other hand, since X¢(J)o/Xe(J)o[f] is O-torsion-free,
coker £* = coker (Hom(Xy(J)o[f], O) = Homo (X;(Af)o,O)),

which in turn is isomorphic to X¢(J)o[f]/E* Xe(Af)o since both Xp(J)o[f] and Xp(Af)o are free of rank
one over O. ]

A.3. Tamagawa factors and the method of Ribet-Takahashi.

A.3.1. For any {||N, let cf(£) be as in (8.3.6). By the same argument as [41, Proposition 3(1)], ®¢(Ay)®e, O
is isomorphic to O/c;(¢) as an O-module.

Proposition A.3.2. Suppose N = NN where Ny is the squarefree product of an even number of primes
not dividing N1. Then:

(1) For all primes ¢|Ny, we have
ord (@ 5N, Pf.N,e) = 0rdg 6(N1, Nao) — ¢ (£).
(2) There is a constant ¢(N1, No) such that 0 < c¢(Ny, N2) < mingn, cy(£) and, for all primes £|Ny,
orde, (@ s Ny /0> P f,N, /) = 0rdg 6 (N1, N2) + ¢ (€) — 2¢(N1, Na).

(8) For any pair of distinct primes {1, {y dividing No, we have
§(N1l1la, NoJl14s)

§(N1, No)
Proof. For any £||N, we have the identity of ideals of O:
(€8, N Xe(Ap )05 €8, Ny Xe(Ap) o) 31wz 0 = (Eny N €N, N, Xe(Af) 0, Xe(Af)o) a0

= 0(N1, Na)(Xe(AY)o, Xe(Af)o) a0,
where the first identity comes from the commutativity of the diagram (156). Write
¢(N1, Na, 0) = lg coker (@g(JNl’M)m ®z, O = $(Ay) ®o, (’)) .

Then using Corollary A.2.6 and the exactness of the bottom row of (156), we obtain from (157)
(158)  2e(Ny, Na, €) + ordg (TN o £, X TN o f]) g v 0 = 01, 6(Ny, Na) + c4(6)

Now suppose ¢| N7. By the results of [64, §3] (which are stated for modular curves but apply to Shimura curves
as well with the obvious modifications), X;(J"1"2),, is Hecke-equivariantly isomorphic to Z[Xy, /¢, nye)m:
and this identification is compatible with the pairings, see (8.3.4). Hence

(X (TN o [f], Ko (TN N2 o [f]) pviva 0 = (P 1.Nat5 91N )

ord, =cs(l1) + cp(l2) — 2¢(Nq, Na).

(157)
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On the other hand, since m is non-Eisenstein, ®,(J:V2), = 0 by [64, Theorem 3.12], so ¢(N1, N2, £) = c¢(¢).
So in this case (158) becomes (1) of the proposition.

For ¢|No, the results of [64, §4] show that X, (JN1V2),, is Hecke-equivariantly isomorphic to a submodule
of Z[Xn,¢,n,/¢lm containing ¢y v, /¢, again compatibly with the natural pairings, so we conclude
(159) ordg,<gpf7N2/g, @f,Ng/€> = OI'dp (S(Nl, NQ) + Cf(g) — 2C(N1, NQ, g)

We have ¢(N1, N2, £) < cf(¢) by definition, so to prove (2), it suffices to show that ¢(Ny, Na, £) is independent
of ¢|Ny; the common value will be defined to be ¢(Ny, Na). Write £; = £; since Ny has an even number of
prime factors, we may choose a prime f5|No/¢;.

Applying part (1) of the proposition to N1¢1fly, No/l1ls, and the prime ¢35, we find

(160) Ord@<tpf,N2/gl 5 gOf’N2/g1> = OI‘d@ (S(lelfg, N2/£1£2) — Cf(gg).
Then comparing (159) and (160), we have
OI‘dp (S(Nlélfg, Ng/glgg) — OI'dp (S(Nl, NQ) = Cf(gl) + Cf(gg) — 20(N1, N27f1).
This expression is symmetric in ¢; and f2, so ¢(Ny, Na, 1) = ¢(Ny, Na, ls) for all primes ¢1, 2| Ny, which
completes the proof of (2) and also shows (3). O

Corollary A.3.3. Suppose N = N1 N> where Ny is the squarefree product of an even number of primes not
dividing Ny. Then for any {o|Na,

Z cr(€) — v(Na)ey(ly) < ordg, 52(\[]2[:]1\7)2) < Z cr(L).

£| N> £|N>
Proof. This is immediate from repeatedly applying Proposition A.3.2(3), not choosing ¢y as one of the primes
{1, 05 until the last step. O

A.3.4. Proposition A.3.2 and Corollary A.3.3 are two of the three ingredients we need for the final comparison
of periods. The third is below.

Lemma A.3.5. Let {y||N be a prime. Then we have
ord, §(N, 1) > ord, (N, 1) > ord, §(N, 1) — cy¢(4o).
Proof. The composite

(161) T g™ @5, 0 00 T, A, 2 14 S0 1 VL g, 0 U T N, O

is O-linear and equivariant for the full Hecke algebra (because the Rosati involution on Ty ; C End(J™:1) is
conjugation by the Atkin-Lehner involution wy, cf. [35, Lemma 5.5]). Since Ty, JJN! is free of rank two over
Tx 1,m by Proposition 4.2.3, and since the residual representation associated to m is absolutely irreducible,
we conclude wi &N 1 AN, 1,« =y for some y € Tn 1.m ®z, O. Then

EN1WNEN1AEN 1« = EN 1Y = TEN 16N 1 AEN 145

so ms(y) generates 6(IN, 1), cf. (A.2.2). On the other hand, y lies in the annihilator of ker w¢ since yz = m¢(2)y
for all z € Ty 1,m ®z, O. This shows (N, 1) C ny(N, 1), so ordg, §(N,1) > ordg, 1y (N, 1).

For the other inequality, note ordg, 7y (N, 1) > ordy, ns(N/lo, lo) since Ty/gy.00.m @z, O is a quotient of
Tn,1m ®z, O. By [25, Lemma 4.17], we also have

ordg, n§(N/lo, Lo) > ordg (P00, f00)s
which is equal to ord,, §(N,1) — ¢s(4y) by Proposition A.3.2(1). So indeed ord, ns(N,1) > ord, 6(V,1) —
Cf(fo). O

Theorem A.3.6. For any factorization N = N1 Ny where Ny is the squarefree product of an odd number of
primes not dividing N1, and for any prime {y||N, we have

cp(f) — (v(N2) + 2)ey(bo) < ordy, < cr(l) + 2¢5(8p).
;N:Q / / <</7sz7§0sz %: (e !
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Proof. By Lemma A.3.5, it suffices to show

(162) Z c(l) — (v(N2) + 1)ep(€y) < ordg,
A

3(N,1)

T = D () + 2¢4(bo).
<<pf7N2790f,N2> Z f() f( 0)

2N,
Suppose first that ¢o|No. If ¢y = N, then Proposition A.3.2(1) proves (162). So assume without loss of
generality that there exists a prime ¢| Ny with ¢ # £5. Then by Proposition A.3.2(1), we have

0(N1gq, N

(163) ord,, O(N1g, No/a) _ cs(q),
(5,820 P1,N2)

and since €| N2/q Corollary A.3.3 shows

(164 5 en®) /et < ordy 52 57 0
fN2/q e (N2 /g

Combining (163) and (164) yields (162), in fact with stricter bounds.
Now suppose £o|N1. Then by Proposition A.3.2(2), we have

d(N1/lo, Nako)

(165) —cy(p) < ord, (7N PN < cs(by).

Moreover, Corollary A.3.3 shows

(166) Z cr() — v(Naly)cy(by) < ord, _ N < Z cr(0).
- 5(N1/€0,N2£0) -

€| N2ty
Combining (165) and (166) completes the proof of (162). O

£|Nato
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The following indices show symbols and special terms commonly used in the paper, along with where they

are introduced.

INDEX OF TERMS

Admissible Property of an ultraprime 3.1.2
j-admissible Property of a prime 4.6.2
j-level-raising Property of a weakly admissible pair 4.6.2
Saturated Property of a Selmer structure 2.6.12
Self-dual Property of a Selmer structure 3.3.2
Steinberg Property of local Galois representation 6.1.7
Weakly admissible Property of a prime 4.6.2
Weakly admissible pair Pair of objects 4.6.2

Oq,eq OT Oq
Oq,eq OF Oq
6(N1, N2)
8q,15 0g,2
E

€f

€q

€q

&g

f

§

F or (F,S)

F* or (F*,S)

Ftor (F1,S)

F+Gor (F+G,SUT)

INDEX OF SYMBOLS

Local duality pairing

Cartier dual

O-linear twisted dual of a free O-module
Specialization of cyclotomic variable

Fourier coefficient in normalized g-expansion
Root of Hecke polynomial

A quaternion algebra over Q

Tamagawa factor

Characteristic ideal of a A-module

Kolyvagin class

Set of CM points (definite or indefinite)

Used in the construction of Kolyvagin classes
Assumption on K

Adjoint Selmer rank

Residue map associated to a Kolyvagin-admissible ultraprime
Residue map associated to a j-admissible prime
Residue map associated to an admissible ultraprime
Geometric congruence ideal

Degeneracy maps

O[1/x], a finite extension of Qp

Global root number

Sign associated with a weakly admissible prime
Sign associated with an admissible ultraprime
Unramified character of Gg,

Hecke eigen-newform

A fixed, non-principal ultrafilter on N

A generalized Selmer structure

Cartier dual Selmer structure

O-linear dual Selmer structure

Union of two Selmer structures

2.6.3, 2.6.9
2.6.3

2.6.9

7.2.1, 8.4.3
§1.6

5.2.3

4.4.1

8.3.6

3.4.6

5.3.4

4.7.3, 4.7.7
5.3.3

5.3.1

6.2.3
5.3.11
5.1.1

3.1.7

A22

4.3.3

§1.6

§1.6

4.6.2

3.1.2

6.1.7

§1.6

2.1.1

2.5.2

2.6.5
2.6.11
2.6.7
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FNGor (FNG,SUT)
F(Q,€q) or F(Q)

Fa

A

Fil} Ty

Fil{ . Lor Filf L

Filg . L/7 or Fil} L/nI
Fill . Ty or Filf Ty
Fil . T or Filf T;
Frobsg

Frob,,

G,
Gr,
gr, T'f

Gs

Iy, TR, I3
I'oe

1
Hy

H (s, —)

H (L, —)
H*(Ls, —)
H(L3/L,-)
Hx(Ls, —)
HL. (Ls,—)
HL (Ls, —)

H! (Kq,—) or H! (Kq,—)

ord,eq

H;rd,e
H;rd,eq(Qq’ L/ﬂ-j) or Hérd
H(Qg,—)
HE, (K, T)

Hfmr(LS’ _)
Im(f)

I

I,

Jo(N)
g1, N2

min or Jmin

JN1,N2

Je

q(K(IzT]') or ngd(K(th)
Hcl)rd,eq (Qm L) or Hcl)rd(Qq’ L)
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Intersection of two Selmer structures

Modified Selmer structure depending on a set of admissible ul-
traprimes

Selmer structure for Ty

Selmer structure for W

Rank-one subspace of Ty

Rank-one summand of L associated to an admissible ultraprime
Rank-one summand of L/77 associated to a j-admissible prime
Rank-one summand of Ty associated to an admissible ultraprime
Rank-one summand of T} associated to a j-admissible prime
Frobenius of an ultraprime

Arithmetic Frobenius element

Absolute Galois group of a number field

Decomposition group of a prime s in G,

Quotient of Ty

Local Galois group of an ultraprime

Galois groups of Zj-extensions

Galois group of cyclotomic Zp-extension

Bloch-Kato local condition

Local inertia cohomology for an ultraprime
Totally patched Galois cohomology

Local Galois cohomology for an ultraprime
Patched Galois cohomology

Local condition for a generalized Selmer structure
Cartier dual local condition

O-linear dual local condition

Ordinary subspace associated to an admissible ultraprime

Ordinary subspace associated to a j-admissible prime
Ordinary subspace associated to an admissible ultraprime
Ordinary subspace associated to a j-admissible prime
Local condition for adjoint Selmer group

Transverse local condition associated to a Kolyvagin-admissible
ultraprime

Unramified local Galois cohomology for an ultraprime
Ideal of O

Inertia group of an ultraprime

Inertia subgroup of absolute Galois group of a local field
Jacobian of a modular curve

Na-new quotient of Jo(N)

Jacobian of a Shimura curve

Abbreviation for JN1,N2Q

Imaginary quadratic field

2.6.7
3.2.2

3.4.2
3.4.4
3.4.2
6.2.1
6.1.7
3.1.3
4.6.2
2.2.3
§1.6

§1.6

§1.6

7.1.1
2.2.3
7.1.1
8.4.1

5.3.6, 5.3.11,
8.4.5

2.3.1
2.4.6
2.3.1
2.4.2
2.5.2
2.6.5
2.6.11

3.1.4,
3.2.1,3.3.7

5.1.1
6.2.1
6.1.7
6.1.5
5.3.11

2.5.1
5.3.4

2.2.3

§1.6

4.2.1

42.1

4.3.2

5.1.2
3.1.1,4.7.1



K
Koo
K55, K2, Koo

K,

K[m]

k(4 Q,€Q) or K;(, Q)
(1, )

(K, A)

k(m, Q)

k(Q, €q) or kK(Q)

~(Q)

|

L

L

locli

locg,e, or locq

IOCE’Eq or loc;r

locg,eq Or locg

loc;Eq or locg

L5 (Qoo, f)

Ai(5Q €qQ) or Ai(+, Q)
Aj(m, Q)

A(m, Q)

A(Q, ) or A(Q)

A(Q)

A
Agu
m

m
mQ
My,
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Set of all Kolyvagin-admissible ultraprimes
Anticyclotomic Zp-extension of K

(in §7 and §8 only) Anticyclotomic, cyclotomic, and bi-Zp-
extensions of K

Subfield of Koo

Ring class field

Map used in §5

A bipartite Euler system

An Euler system over A

Patched Kolyvagin class

Element of a (general) bipartite Euler system
Element of bipartite Euler system over A
A Kolyvagin-admissible ultraprime

(in §6) Adjoint representation of T’y
Residue representation of L

Localization map associated with a Kolyvagin-admissible ultra-
prime

Localization map associated with a j-admissible prime

Localization map on dual of adjoint associated with an admis-
sible ultraprime

Localization map associated with an admissible ultraprime

Localization map on dual of adjoint associated with a j-
admissible ultraprime

Cyclotomic p-adic L-function

Map used in §5

Kolyvagin element

Patched Kolyvagin element

Element of a (general) bipartite Euler system
Element of bipartite Euler system over A
Anticyclotomic Iwasawa algebra

Cyclotomic Iwasawa algebra

A set of Kolyvagin-admissible ultraprimes
Maximal ideal of a Hecke algebra
Level-raised maximal ideal of a Hecke algebra
Set of places of a number field

Set of ultraprimes of a number field

Hecke module

p-invariant

The natural numbers {0,1,...}

Positive integers with N~ squarefree

Set of weakly admissible pairs

Temporary notation in §5

Set of pairs {Q, eq}, see below

Congruence number

5.3.10
3.4.1
7.1.1

5.2.1
4.7.3
5.1.2
3.2.3
3.4.9
5.3.12
3.2.3
5.2.4
5.3.10
6.1.1
6.1.1
5.3.11

5.1.1, 6.3.3
6.2.1

3.1.7, 6.2.1
6.3.3

8.4.1
5.1.2
5.3.4
5.3.12
3.2.3
5.2.5
3.4.1
8.4.1
5.3.10
4.2.2
4.6.2
2.2.1
2.2.1
4.6.4
8.4.7
2.1.1
4.7.1,5.1.1
6.1.9
5.1.1
3.2.2
8.3.2
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v
Vclassical
Vm
(ord)
@
Oy
OB

+
Qf

+
frap

Qcan

Qoo

{Qr GQ}z {Qq’ EQq}

{Q.eqt
Ry, Ry

ord ord
Rq,eq or Ry

pf
P

Ress

% (Q)

TQ

S

s

S

S

(sclr)

Selx(A)

Selggo 4l
Se%w Al
Sel(Q, Wy)
Selg(Q, L/77)
Selg (Q, L*[x7])
(spl)

SE(Q)

2qQ

115,
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Number of prime factors of a squarefree number
Classical vanishing order

Vanishing order of a Kolyvagin system
Assumption on p

A discrete valuation ring, finite flat over Z;; usually Oy
Coefficient field of Hecke eigenform

A maximal order of a quaternion algebra
Periods of a modular form

Periods of a p-stabilized newform

Hida’s canonical period

Gross period

Prime of Oy

Height-one prime of A

Quaternionic modular form

Component group

A uniformizer of O

An admissible ultraprime

Cyclotomic Zp-extension

A set of admissible ultraprimes

A weakly admissible pair

Local Galois deformation rings

Steinberg local deformation ring associated to a j-admissible
prime

Homomorphism associated to T’
Residue representation of py
Restriction map in patched cohomology
Rank of a Selmer group for Ty

Rank of a Selmer group for Ty

A general ultraprime

A constant ultraprime

A finite set of ultraprimes

Adjoint Selmer structure

Assumption on Tf

Patched Selmer group

Ordinary Selmer groups over K
Ordinary Selmer groups over Q
Standard Bloch-Kato Selmer group
Unpatched adjoint Selmer group
Unpatched dual adjoint Selmer group
Assumption on p and K

Modified generalized adjoint Selmer structure
Set of primes

Shafarevich group

§1.6

8.2.7

8.2.5

5.2.1

§1.6, 2.6.1
§1.6

431

8.3.2

7.2.1, 8.3.2
8.3.2
7.2.1,8.3.4
§1.6

3.4.1

8.3.4

455, A.2.6
§1.6

3.1.2

7.11

3.2.2

4.6.2

6.1.2

6.1.7

6.1.2
6.1.2
2.4.9
8.2.1
3.3.6
2.2.1
2.2.1
2.4.1
6.2.2
3.1.1
2.5.4
7.1.1
8.4.1
8.4.5
6.1.9
6.1.9
5.2.1
6.2.2
5.1.1
6.1.9



XNy, Ny

X

XK

Xe(—)
Xe(=)Y

Ye

Yy

Yy

Zr or Zyr(yp)
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Topological generator of Iwasawa algebra

Hecke algebra

Galois representation associated to a modular form
Residue representation of T’y

Universal anticyclotomic twist of T’

Quotient of Ty

Hecke operator

m-adic Tate module

Level-raised Hecke algebras

Taylor-Wiles hypothesis

Ultraproduct

Ultraproduct of a sequence of maps

Hecke operator

See s

See s

Rational p-adic Tate module

Divisible Galois module associated to a modular form
Twisted Cartier dual of Ty

Modular curve

Shimura curve or Shimura set

Cyclotomic character

Galois character associated to a quadratic imaginary field
Character group of semistable abelian variety
Z-linear dual

Smooth point of Spec Ry[1/7]

Open subset of Spec Ry (O)

Image of Y,

Subspace of local adjoint cocycles

3.4.1

421

§1.6

§1.6

3.4.1

4.6.1
4.3.2,4.4.3
4.2.2

4.6.2
4.3.3,6.1.1
2.1.3

2.1.3
4.3.2,4.4.3
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