MODULARITY OF d-ELLIPTIC LOCI WITH LEVEL STRUCTURE
FRANCOIS GREER AND CARL LIAN, WITH AN APPENDIX BY NAOMI SWEETING

ABSTRACT. We consider the generating series of special cycles on A;(N) x Ay (N), with
full level N structure, valued in the cohomology of degree 2g. The modularity theorem of
Kudla-Millson for locally symmetric spaces implies that these series are modular. When
N =1, the images of these loci in Ay are the d-elliptic Noether-Lefschetz loci, which are
conjectured to be modular. In the appendix, it is shown that the resulting modular forms
are nonzero for g = 2 when N > 11 and N # 12.

1. INTRODUCTION

1.1. d-elliptic loci. For integers d,g > 1, let mg,d be the moduli space of morphisms
of abelian varieties h : E — A, where E is an elliptic curve, A is a principally polarized
abelian variety (PPAV) of dimension g with polarization ©4, and deg(h*©,4) = d. Let

[NL, 4] € CHY"'(A,) be the Noether-Lefschetz cycle class associated to the forgetful morphism

e : NLgqg — Ay (We work throughout with Chow and cohomology groups with rational
coefficients.) Set also [NLgo] = 5(—1)9A;_1 € CH'(A4,), see §3.1. These classes have
attracted much recent attention; see [17] for a survey. The purpose of this paper is to advance

the following conjecture.

Conjecture 1. The generating series

S INLylg? € CHY(A,) ® Q[[q]

d>0

s a cycle-valued modular form of weight 2g.

Iribar Lopez [9] shows that Conjecture 1 is true upon projection to the tautological ring
RI7Y(A,), in the sense of |2|. Further plausibility checks for Conjecture 1 are afforded by
pulling back by the Torelli map Tor : M — Ay. It is proven in [7] that the pullbacks

Tor![m_gd] coincide with the Gromov-Witten virtual classes of the loci of curves [C] € M’
admitting a stable map f : C' — E of degree d to some genus 1 curve F. In particular,
Conjecture 1 would imply that the generating series

D IMGH(E A € CHTH (M) @ Q[[g]

is a cycle-valued modular form of weight 2¢g, where M;f’lq(g ,d) is the global moduli space

of pointed stable maps f : (C,q) — (E,p) from a compact type curve of genus g to a
varying elliptic curve. In some cases, the Torelli pullback Tor![N L, 4] may be understood more
explicitly, see [3].
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The Gromov-Witten classes of stable curves admitting a cover of a fized elliptic curve are
shown to be quasi-modular in [16]. On the other hand, the closely related (but different)
loci of curves [C] € M, admitting an admissible cover of some elliptic curve f : C' — E of
degree d are conjectured to be quasi-modular in [11], and shown to be so when g < 3. It
is furthermore shown in [12]| that a certain obstruction to the admissible cover loci being
tautological is modular in d, for any g.

We prove the following result in this paper.

Theorem 1.1. The generating series
STINL, " € H(Ar x A,) © Qllq]
d>0

is a cycle-valued modular form of weight 2g.

Here, we consider cycle classes of the maps NIJ_g,d — Ay x A, remembering both E and A,
rather than only NT_g,d — A,. We use the notation [NT_g,d]Jr to distinguish from the classes
[Nvl_gd] on A,. We also set [lilvl_g,o]Jr = 0. Theorem 1.1 does not imply Conjecture 1 (even in
cohomology), because there is no proper pushforward map H?(A; x A,) — H297Y(A,). In
fact, as stated, Theorem 1.1 is trivial: as we prove in Proposition 3.4, the classes [N[g,dﬁ are
zero in H?9(A; x A,), and are moreover zero in CHY(A, x A;) (Remark 3.5)!

To obtain a non-trivial statement, we add level structure to the moduli problem. Our main
result is the following.

Theorem 1.2. Fiz an integer N > 1 and a symplectic group homomorphism b : (Z/NZ)? —

(Z/NZ)?9. Let NL;d(N) be the moduli space of morphisms h : E — A as before, where in
addition E, A are endowed with full level-N structure and the map induced on N -torsion by
h s given by b.

Then, the generating series

SUINL, J(N)*g € H (A (N) x Ay(N)) @ Q[[q]

d>0

1s a cycle-valued modular form of weight 2g and level N.

—
In contrast to the situation of Theorem 1.1, the classes [NL, ;(/V)]* are proven not all to
vanish when ¢ =2 and N = 11 and N > 13 in the appendix.

We will see in Proposition 3.4 that the classes [NLZ’d(N )] are supported in the odd
Kiinneth component H'(A;(N)) ® H?*9~'(A,(N)). Thus, Theorem 1.2 witnesses modularity
of Noether-Lefschetz cycles in a different part of cohomology as Iribar Lopez’s result, which
lives in the tautological (hence even) part.

—
Theorem 1.2 is proven by expressing the cycles [NL, ;(N)]* as pullbacks of special cycles
from certain (non-algebraic) symmetric spaces, which we discuss in the next section.

1.2. Symmetric spaces. Let (A,w), resp. (A,w’) be Z? resp. Z*9, equipped with the
standard symplectic forms. The tensor product L = A ® A’ has a natural symmetric bilinear
pairing ~ given by
V(v @ vy, 02 @ V) 1= w(v1, v2) W (0], V).
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As an integral lattice, we have L ~ U%%9, where U is the hyperbolic plane lattice with Gram

matrix
0 1
1 0)°

Let V=L ®R, and let I';, C SO(V') be the subgroup of integral isometries of L that act
trivially on LY /V. If K, C SO(V) is a maximal compact subgroup, then the double quotient

km(L) := T \SO(V) /K

is an example of a non-compact locally symmetric space studied by Kudla-Millson in [10]. In
particular, km(L) contains a countable collection of totally geodesic cycles Cy indexed by
positive integers d. Since the lattice L has signature (2g,2¢), these are cycles of real codimen-
sion 2g. The main theorem of [10] implies that their Poincaré duals [Cy] € H*(km(L), Q)
are the Fourier coefficients of a classical modular form of weight 2g, level 1:

Theorem 1.3 (Kudla-Millson [10]). The generating series

®(q) = > [Calq” € Mod(2g, SLa(Z)) ® H* (km(L)).

d>0

By convention, we set [Co] := e(A)) € H?*(km(L)), where A, is the tautological real vector
bundle of rank 2g on km(L). Recall that we work throughout with rational coefficients.

For g > 1, km(L) is not an algebraic variety, but by the tensor product construction above,
it receives a map

¢ : Al X Ag — km(L)
defined in §5. We show in Proposition 5.3 that the classes [Cy] € H?(km(L), Q) pull back

under ¢ to the Noether-Lefschetz cycles [N\I/_g,d]Jr € H*(A; x A,), which implies Theorem
1.1.

However, as we have already mentioned, we prove in Proposition 3.4 that in fact the classes
appearing in Theorem 1.1 are all zero. To obtain a non-trivial ¢-series, we need to add level
structure to the moduli spaces involved.

Let N > 1 be an integer, let A;(N) and A, (N) are the moduli spaces of elliptic curves and

PPAVs with full level-N structure. As in Theorem 1.2, let NLZ’ 4(N) be the moduli space of
maps f: E — A of degree d whose induced map on N-torsion is given by a specified matrix
b. Let km(L(N)) be the Kudla-Millson space defined by replacing I';, in the definition of
km(L(N)) with the subgroup of isometries that reduce to the identity mod N. We have an
enhanced map

O(N): A1(N) x Ay(N) — km(L(N)).
Then, by the theorem of Kudla-Millson [10], we have a generating series
®°(q) := Y _[CH(N)]g" € Mod(29,T(N)) @ H* (km(L(N))
>0
lifting ®(gq). The d-th Fourier coefficient of ®(q) pulls back to the Noether-Lefschetz cycle

[IKI\I/_;d(]\f)]Jr € H¥(A;(N) x A,(N)). The difference here is that the modular curve A4;(N)

has non-trivial first cohomology group. We restate Theorem 1.2 as follows.
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Theorem 1.4. The pullback
—~ b
G(N)*@(g) = > [NL, 4(N)]"¢"

d>0
is a modular form of weight 2g, level N, valued in H*(Ay(N) x A,(N)) with support in the
odd Kunneth component

HY(A((N)) ® H*7(Ay(N)).

1.3. Further directions. In order to gain access to a proper pushforward map relating
classes on A; x A, (possibly with level structure added) to those on A,, one needs to add
cusps to A;. We take here N = 1 for ease of notation, so that A} = Mj;. Then, the

natural map NL, ; — A} x A, remains proper, because a PPAV contains no rational curves.
Thus, we may consider the class [NL, 4] € CH?(A; x A,), which pushes forward to the class
[NL, 4] € CH9"'(A,) appearing in Conjecture 1. We refine the conjecture as follows:

Conjecture 2. The classes of the compactified d-elliptic cycles [I‘I\I/_gd]Jr € CHI(A; x Ay)
are the Fourier coefficients of a modular form of weight 2g, level 1.

After pushforward, Iribar Lopez’s tautological projection calculation [9] shows that the
classes [NL, 4] € CHY"!(A,) are non-zero in general, in contrast to the situation on A; x A,.

It follows that the classes [NL, 4T € CHY( A} x A,) are non-zero, and because the tautological

subspace of CHY"'(A,) maps injectively to H29~Y(A,), also that the classes [NL, 4+ €
H*(A; x A,) are non-zero.

It is natural to expect a passage from modularity to guasi-modularity upon extending
the cycles NL, 4 to compactifications of A, consistent with results |4, 6] establishing such
phenomena at the boundary of orthogonal type Shimura varieties. This is also consistent
with the calculations in [11, 16] finding cycled-valued quasi-modular forms on M,,.

Note that Conjectures 1 and 2 are formulated with values in the Chow group, following
[17, 9]. The methods we employ here are more likely to prove the cohomological version,
since the space km(L) is non-algebraic. One can also formulate both of these conjectures
with level structure in the obvious way.

Extending the results of |7] to take level structure into account, the classes [N Lgﬂd(N )T e
H?(A1(N) x Ag(N)) pull back under the pointed Torelli map Tor; (N) : M (N) — Ag(N)
to the virtual (in the sense of Gromov-Witten theory) loci of curves C' admitting a cover
f : C — F inducing the map b on N-torsion. After capping with the 1 class on M;fl(]\f ) and
pushing forward to M¢*(N), we obtain a modular series of classes in H*(A;(N)x M (N),Q),
again supported on the odd Kunneth component

Mod(2¢,T'(N)) ® H'(A1(N)) ® H*~(M(N)).
Dually, we obtain a map Mod(2g,I'(N))* ® H,(A1(N)) — H?*9~ (M (N)).
Question 1. What is the image of this map?

1.4. Acknowledgments. We thank Rahul Pandharipande, Samir Canning, and Aitor Iribar
Lopez for helpful discussions related to this paper, and for sharing their conjectures. F.G. was
supported by NSF grant DMS-2302548. C.L. and N.S. were supported by NSF postdoctoral

fellowship grants DMS-2001976 and DMS-2401823, respectively.
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2. LATTICES AND THETA FUNCTIONS

We follow the exposition in [14] for the definitions of metaplectic groups and vector-valued
modular forms. Let (L, (,)) be a positive definite, even integral lattice of rank . The Poisson
summation formula implies that

O.(g) == ) ¢2"epy € Mod(r/2,Mp,(Z),Q[L"/L]),
rzelY
where Mp,(Z) is the integer metaplectic group, acting on Q[LY /L] via the Weil representation.
This representation factors through a double cover of SLy(Z/NZ), where N is the smallest
positive integer such that N - (x,z) € 27Z for all x € L. In particular, for any fixed coset
d € LY/L, we have:
O15(q) =Y _ ¢ € Mod(r/2,T(N)).
TES

When r € 27, this gives a classical modular form of weight /2, level I'(N).

The cohomological theta correspondence of Kudla-Millson allows us to reformulate this
story in the setting of the locally symmetric space associated to an indefinite lattice. Let (L, )
be an indefinite, even integral lattice of signature (r,,r_) and rank r, and set V = L ® R.
Let T';, € SO(V) be the subgroup of integral isometries acting trivially on LY/L, and let
Ko C SO(V) be a maximal compact subgroup, isomorphic to SO(ry) x SO(r_).

Definition 2.1. Let km(L) = T'/\SO(V)/ K. Note that the symmetric space SO(V)/K
is naturally identified with Gr™(r_, V'), the space of oriented negative definite real r_-planes

inV.

In the symmetric space SO(V')/K ., we have an infinite arrangement of totally geodesic
submanifolds indexed by dual lattice vectors v € V¥ with y(v,v) > 0.

Definition 2.2. Let C, C Gr (r_,V) be the set of negative definite r_-planes that are
orthogonal to v. It is a symmetric subspace isomorphic to Gr™(r_, v+ ® R).

For each integer d > 0, and § € VY/V, the arithmetic subgroup I';, acts on the set
{ve VY :vy(v,v) =2d,[v] =0} with finitely many orbits; see Lemma 4.1. This allows one to
define finite type cycles in the quotient km(L).

Definition 2.3. For each d > 0 and 6 € VV/V, let Cys C km(L) be the image of
U C, C Gr(r_,V)

Y(v,0)=d
[v]=8
under the quotient map to I't\ Gr™(r_, V). We define smooth uniformizations of Cys using
a finite set of I';-orbit representatives vy, ..., v, among the dual lattice vectors of norm d

and class §:
m(d)

CN'd = |_| Cvi

i=1
Theorem 2.4. [10| For each § € LY /L, the power series
15(q) = o+ Y _[Caslg” € Mod(r/2,I(N)) ® H' (km(L), Q)

d>0
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is a modular form, where ey is the Fuler class of the dual tautological bundle of r_-planes.

In this paper, we specialize to the case where L = U%?9, where U is the hyperbolic plane
lattice. This lattice is unimodular, so LY/L = {0}. More generally, we will consider L(N),
for some level N > 0, which is the lattice L with the quadratic form values multiplied by N.

Proposition 2.5.
L(N)Y/L(N)~ L/NL ~ (Z/NZ)*.

Proof. Multiplication by 1/N induces horizontal isomorphisms of the abelian groups in the
following commutative diagram

L —=> L(N)

|

NL —=+ L(N).

The vertical arrows are inclusions of lattices in the same quadratic space. Since L has rank
4g, the discriminant formula follows. U

3. NOETHER-LEFSCHETZ LOCI
Fix again an integer N > 1.

Definition 3.1. Let A,(NN) be the moduli space of triples (A, ©4,t4), where (4,04) is a
principally polarized abelian variety (PPAV) of dimension g and v4 : A[N| — (Z/NZ)% is a
symplectic isomorphism.

When g = 1, an elliptic curve is canonically polarized, so we drop © from the notation.

Definition 3.2. Let d,g > 1 be integers. Let NLZ,d(N) be the moduli space of maps of
abelian varieties h : £ — A, where:
° (E, LE) c .Al(N) and (A,@A, LA) c .Ag(N),
e h*O 4 has degree d on F,
e b:(Z/NZ)*> — (Z/NZ)* is a fixed group homomorphism respecting the standard
symplectic forms, and
e the diagram

E[N] —"— A[N]

(Z/NZ)? —> (Z/NZ)*

commutes.

The moduli space m:yd(N ) may be constructed from N\I/_%d = I\AIEgvd(l), as considered in [7],
as a union of connected components of the fiber product NLg 4 X (4,x4,) (Ag(N) x A1 (N)).
In particular, I\W_I;d(N ) is smooth of dimension (J) + 1.

Let ¢*(N) : m_zvd(N) — Ay(N) and p°(N) : NT_Zvd(N) — A;(N) be the forgetful maps

remembering the target and source, respectively, of h.
6



—~b —~

There is a map vy : NL, ;(N) — NL, 4 forgetting level structure, which is surjective onto a
union of compoents of NL, 4. For example, if b is injective, then vy surjects onto components
of NL, 4 parametrizing h : E — A that are injective on N-torsion. However, if ged(d, N) > 1,

then there are components of Nl/_g 4 parametrizing h : F — A that factor through an isogeny
E — FE' of degree dividing N, Wthh are thus not in the image of vy. On the other hand, if

b =0 and ged(d, N) = 1, then NL J(N) is empty.
By the same proof as in |7, Lemma 3.4] (the level structure does not affect the arguments),
—
the morphism €’(N) is proper, as is the morphism (e’(N),*(N)) : NL, 4(N) — Ay (N) x
A, (N). Thus, one may consider the cycle classes associated to these morphisms.

—~b —~b
Definition 3.3. We define the cycle classes [NL, 4(N)] € CH"'(Ay(N)) and [NL, 4(N)]* €
CHY(A;(N) x Ay(N)), as well as their images in cohomology, to be the classes associated to
the morphisms €’(N), (¢°(N), v*(N)), respectively.

In [7], the pullbacks by the pointed Torelli map Tor; : M, — Ay of [I\/I\[gvd] and [Iil\l/_g,d]Jr
to CHY (M) and CHI(MS, x My ), respectively, are shown to agree with the Gromov-

Witten Vlrtual classes on the moduli spaces of stable maps ./\/lCt (€, d) to the universal elliptic
curve, where the superscript ¢ denotes that the stable maps f : C — E are required to
send the marked point of C to the origin of E. Identical arguments show that the classes

—b — b
[NL, 4(N)] and [NL, ;(N)]™ pull back to virtual classes on the spaces of stable maps with full
level-N structure and whose induced maps on N-torsion are prescribed by b.

3.1. The case d = 0. Let \; € CH'(A,(N)) denote the i-th Chern class of the Hodge bundle
on A, (N). By convention, we set

NLyo] = (~1) 50,1 € CHIH (A, (N),

INL, o] = (—1)%A, = 0 € CHI (A, (N) x Ay(N))

—~1 —~

if b =0 (mod N), and both cycle classes [NL,],[NL, ]* to be zero otherwise. (See |21,
Proposition 1.2] for the vanishing of A,.)

The definitions are explained as follows. The moduli space of maps f : F — A of degree
zero inducing b on H; is empty if b # 0 (mod N), and isomorphic to A;(N) x Ay(N)ifb=0
(mod N). We also add cusps in the first factor, passing to A;(N)* x A4(N). A constant map
f : E — A has obstruction space

HY(E, f*Ty) = HY(E,Op) ® ToA = H(E,wg)” @ H°(A,Q4)".

Thus, the product A;(N)* x A,(N) is equipped naturally with the global obstruction
bundle E} ® E; given by the tensor product of Hodge bundles on each factor. The virtual

class [NIJ_Z’O]Jr € CHY(A;(N)* x Ay(N)) is therefore naturally given by the top Chern class
co(By @ By) = cg(Ey) + c1(E)co-1(Ey)
1
= (-1 + (g 1) (D7),
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where [Ey| € CH'(A%) is the class of a geometric point. Pushing forward to CHY (A4, (N))
—
gives the formula for [NL, ] € CHY (A, (N)) above, and restricting to the interior gives the
—
formula for [NL,,]* € CHY(A;(N) x Ay(N)).
3.2. Vanishing.

— b
Proposition 3.4. The classes [NL, ,(N)]T € H*(A(N) x Ag(N)) in cohomology are
supported in the odd Kiinneth component H(A1(N)) ® H* 1 (A,(N)). In particular, they
vanish when N = 1.

Proof. We may assume that d > 1. Passing from A;(N) to A;(V)*, we have that the map
—~b
NL, 4(N) — Ai(N)* x Ay(N) is proper, by the same argument as in [7, Lemma 3.4]. Thus,

— b
we may consider the cycle class [NL, 4,(N)]* as an element of H*(Ay(N) x Ay(N)) or of
H*(A(N)* x Ay(N)); the pullback of the former is equal to the latter.

Consider now the projection of [NL;d(N)] € H*(A;(N)* x A,(N)) to the Kiinneth
component H°(A;(N)*) ® H*(A,(N)). Up to a constant, the projection map is given by
a 1@ p.(an([E] x Ay(N))), where [E] € H*(A;(N)*) is the class of any point and
pe : H92(A(N)* x Ay(N)) — H*(A,(N)) is proper pushforward. Indeed, this map is
easily seen to be the identity on H°(A;(N)*) ® H*(A,(N)) and zero on the other two
Kiinneth components.

In particular, we may take [F] to be any cusp of A;(N)*, and in this case we have that

NT_;d(N) N ([E] x Ay(N)) is empty in A;(N)* x A,(N), because smooth PPAVs contain no

rational curves. Thus, [I\fﬁ_iI’Cl(Z\f)]Jr projects to zero in H(A;(N)*) @ H?*9(A,(N)), so the
same is true in H°(A;(N)) @ H*(A,(N)). Moreover, the Kiinneth component H?(A;(N)) ®
H29=Y(A,(N)) is identically zero, so the claim follows.

Finally, when N = 1, we have H'(A;) = 0, as A; is contractible. Thus, the class

[NL, o]t € H¥(A; x A,) is identically zero. O

Remark 3.5. When N = 1, the same argument shows that the classes [NT_M]* vanish in
CHY(A; x A,). Indeed, because the coarse space of Aj is isomorphic to P!, the Chow group
CHY(A; x A,) admits a Kiinneth decomposition

CHY(A; x A,) = CH'(A}) ® CHY(A,) ® CH?(A}) ® CHY'(A4,),

and one can proceed as in the proof of Proposition 3.4.

4. UNIFORMIZATION

Let I'(N) C SL(2,Z) be the subgroup of matrices congruent to the identity modulo N,
and more generally let I'(N), C Sp(2¢, Z) be the subgroup of such matrices for any g. Then,

we have A;(N) = T'(N)\H and A,(N) =T'(N),\H,.

We also denote by
0 0 Id
Jz—( 1 0> J2g = (—Id 0)

the matrices of the standard symplectic forms, where Id is the g x ¢ identity matrix.
8



Lemma 4.1. Let Myyyoq be the set of integer 2g x 2 matrices whose columns span a rank 2
sublattice of discriminant d* in the standard symplectic lattice 7.%9.
Then, for any N > 1, the set I'(N)\Magxo,a/T'(N), is finite.

Proof. Let Vg = Q ®z Z* be the standard symplectic Q-vector space. The symplectic group
Go = Sp(2¢9,Q) acts on V, so it also acts diagonally on W =V & V. Let O be the Gg-orbit
of an element of My, 4; this orbit clearly contains all of My;y2 4. By [1, Theorem 9.11],
O N Wy is composed of finitely many orbits for G. O

Lemma 4.2. Let E = C/A; be an elliptic curve and let A = C/A;, be a PPAV. Choose
symplectic bases Hy(E) ~ Ay and H,(A) ~ Ay, with respect to the polarization forms.

Let h : E — A be a map of degree d, and let Bj be the matriz of the induced map
on homology H,(E) — Hy(A) with respect to the chosen bases of Ay, Ny,. Then, we have
By € Magxa.q-

Proof. If h : E — A has degree d, then the composition
ElsAasa g S E
is equal to the multiplication by d map [d]. The induced maps on first homology groups are
given by
Hy(E) = Hy(A) 25 H(AY) - Hy(EY) 2 Hy(B),
and the composition is dId,

With respect to their chosen bases, the map H;(E) — Hy(A) is given by Bj, € Mgy, and
the map H,(AY) — H;(E") by its transpose B}, so we have

Jy ' By Jog By, = d1d.
This is equivalent to
Bl Joy By, = d.Js,
so By, € M29><2,d- OJ

Lemma 4.3. Given a pair (7,7") € H x Hy, there exists a degree d map E, — A, between
the associated abelian varieties if and only if

(B7)" -7 =0eC
for some matriz B € Mygyoq. Here, T = (111) denotes the Siegel augmentation.

Proof. Let h: E — A be a degree d map. Let By € Myyx24 be the matrix for
h,: Hi(E) — Hi(A)
with respect to symplectic bases (o, 3) for H,(E) and («a;, 8;),=1.. 4 for H;(A). The graph
I';, C E x A has homology class
a X h,— B X hya+ E X [pt] + [pt] x h[E] € Hy(E x A, 7).

If w e HYY(E) and w; € H'Y(A) are the normalized holomorphic 1-forms, then their
external wedge product w A w; € H*Y(E x A) integrates to 0 on any algebraic curve, so on
I';, in particular. In terms of the decomposition above, this implies that

/w/h*wj—/w/h*wjzo
«@ B 96 «@



forj=1,2,...,9.
The Siegel augmented period matrices are given by

Multiplying 7 by B on the left has the effect of replacing «; and 3; with the pushforwards
of a and [ under h:
BT+ — (fh*a wj) _ <fa h:wj) '
" fh*ﬂ Wi fﬁ hw;

= (4)

and the vanishing above is equivalent to
F LB 7 = (ByJy ') -7 =0.
Taking B = By,.J; ' yields the first direction of the Lemma.
Conversely, given B € Mygy2 4, define B, = BJ,, and a linear subtorus
I CExA=C/A, xCI/AL,

by I' = {(z,Byz) | z € C}, where we extend the symplectic bases of the lattices A, AL,
to C,CY, respectively. Reversing the previous calculation, the vanishing (B7)T -7 = 0
implies that integrals of holomorphic 2-forms on I' vanish, which in turn implies that I' = F

is a complex subtorus. Post-composing with the projection to A gives the desired map
h:E— A O

Now, we also have

Corollary 4.4. We have an isomorphism

BF)T - # =0
b E(BJ)Q (mod N)} /T(N),

Proof. Lemmas 4.2 and 4.3 show that, given E. € M;;(N) and A, € A (N), the data of
[ E; — Ay of degree d is equivalent to the data of a matrix B € Maygyo 4, up to the actions of
[(N),[(N),, satisfying (B7)T -7 = 0. Moreover, the induced map b : (Z/NZ)* — (Z/NZ)*
on N-torsion is given, by the calculation of Lemma 4.3, by the matrix By, = BJs. U

—~ b
NLgﬁd(N) ~T(N)\ {(7, 7',B) € H x Hy X Msgxo4

5. KUDLA-MILLSON MODULARITY

5.1. Symmetric spaces. Let (W3,w) and (W3,,w') be real symplectic vector spaces. The
tensor product V' = Wy ® Wy, has a natural symmetric pairing + given by the product w - w’.
Note that all pure tensors in V' are isotropic with respect to 7. Choose Darboux bases (e, f)
and (e;, f;) for Wy and W5, respectively, so that

e@e;+f@fl (1<i<yg)

ex fl—foe (1<i<yg)
10



form a basis for a maximal positive definite subspace Fy, C V. Similarly,
ee;—ff (1<i<yg)
e fi+f@e (1<i<g)
form a basis for a maximal negative definite subspace Ny C V', with Ny = POL. Hence, the

symmetric pairing «y is non-degenerate of signature (2g,2g).
Next, consider the map

@ . SLQ(R) X SPQQ(R) — SO(V)O ~ SO(Qg, 2g)0

defined by o(M, M') = M & M'. Tts kernel is {£(Id, Id)}, which is contained in the maximal
compact K = SO(2) x U(g). The restriction of ¢ to K lands in K"

ol : K — K'= S0(2g) x SO(2g) € SO(2g,29)o.
Hence ¢ induces an embedding ¢ on the associated symmetric spaces:
¢:HxH, - Gr (2¢9,V).

The symmetric space for SO(2g,2g)o may be identified with the positive definite Grass-
mannian or the negative definite Grassmannian; we choose the latter. Explicitly, given
(7,7") € H x Hy, there exist matrices (M, M') € SLy(R) x Spy,(R) sending (i,il,) — (7,7').

o(1,7") = (M @ M')(Ny) € Gr™(2¢,V).
One easily checks that Stab(i,il,) preserves Ny, so the map ¢ is well-defined.

Proposition 5.1. Let

ap b
as by

B = . . € M2g><2
A2g bgg

be an integer 2g X 2 matrix. Let
g
By = byrle®e}) = bele ® fi) — ager(f @ €}) + a(f @ fi) € Wo @ Wi,
k=1
Then, for any (1,7") € H x Hy, the following are equivalent:
o (7, 7') is orthogonal to By in V.
e (BF)T -7 =0¢€CY. Here, 7= (17(-1) denotes the Siegel augmentation.

_(w (WX
= (y 7)o 2)

where W, XY, Z are g x g real matrices. then, we have

Proof. Let

_wi—i—:v
TR

= (W + X)(GY + Z)7h
11
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For j =1,2,...,g, the j-th entry of the 1 x g matrix (yi + 2)(B7)T - 7(iY + Z) is
g g
B = (ap(wi+ )+ bp(yi + 2))(iW + X)ij + Y _(ager(wi + 2) + bgr(yi + 2)) (1Y + Z)ig
k=1 k=1
where (iW + X))y, (1Y + Z);; denote the entries in the k-th row and j-th column of the
respective matrices. Thus, we have
g
R(B) =D _lak(war; — wwiy) + bp(22; — ywiy) + gan(205 — WYkg) + bgsr (2205 — Yy,
k=1
g

S(B)) = Y _lar(wrr; + zwig) + bi(yar; + 2wig) + ager(Wan; + Tyx) + bosk(yan; + 24i5))-
k=1

On the other hand, we compute that ¢(7,7") = (M ® M')(Np) is spanned by
rj = (we+yf)® (We; +Yf)) = (ve +2f) @ (Xej + Zf7),

== (e ®€})(war; — wwiy) + (e ® fi) (w215 — wy;)
k=1
+ (f @ ep)(zzry — ywig) + (f @ fr) (2215 — yyry)],
s; = (we +yf) ® (Xe; + Zf]) + (e + 2f) @ (We; + Y f)),

= (e ® ep)(wak; + zwiy) + (€ @ fi)(warg + xyn;)
k=1

+ (f @ €) (ywr; + zwis) + (f @ [i) (Y2rs + 2yn5)]-

for j =1,2,...,9. Here, the matrices W, X are taken to act on the basis {¢},...,€;} and
the matrices Y, Z are taken to act on the basis {f],..., f;}.

Finally, we see that (B, —r;) = R(5;) and v(By, sj;) = (F;), which yields the needed
equivalence. O

5.2. Arithmetic Quotients. Fix principal lattices A C W5 and A" C W5, which give rise
to an even unimodular lattice L := A ® A’ C V. The map of ¢ between symmetric spaces
descends to a map on arithmetic quotients:

¢+ Aut(A)y\H x Aut(A")y\H, — Aut(L)n\ Gr~(2¢,V) =: km(L(N)).
Here, Aut(A)y, Aut(A')ny, Aut(L)y denote the automorphism groups of the respective lattices

that reduce to the identity mod N, so that ¢ is a map A;(N) x Ay (N) — km(L(N)).
If v € L is a vector of positive norm, then set

C,:={PeCGr(2¢,V):PcCuv'}.

This is a non-empty sub-symmetric space of codimension 2¢g. By Lemma 4.1, Aut(L)y acts
on the lattice vectors of norm 2d > 0 with finitely many orbits.

Fix now an abelian group homomorphism b : (Z/NZ)* — (Z/NZ)%*. Choose symplectic
bases {e, f} and {e},... e}, fi,..., fj} of A, A’, respectively, and given

g
v="> byrle®@ey) —bple® f)) — agu(f @ €}) + ax(f @ f{) € L

k=1
12



define

b ap b
—by ay as  bo

Vp = . = . . - Ja.
—bgg agg &29 bgg

Here, the vector v € L plays the role of B, in Propostion 5.1, and v, plays the role of the
matrix By in Lemmas 4.2 and 4.2. The intermediate matrix B appearing in Lemma 4.2 and
Propostion 5.1 satisfies BJy; = By,. Given a d-elliptic map h : £ — A, the matrix of the
induced map on first homology is given by By, which will be required to reduce modulo N to
the prescribed map b.

Definition 5.2. We define the special cycles

CY(N) := Aut(L)n\ J G| ckm(L(N)).

veL/ Aut(L)N.

Proposition 5.3. We have a commutative diagram

—~ b
NLM(N) CY%N

)
(e(N) () l [

Ai(N) % Ay(N) —2 km(L(N))

—b
inducing a birational map NL, 4(N) — ¢~ (C5(N)). In particular, we have

INL, (N = 6 [CL(N)]
in H29 (A (N) x Ay(N)).

Proof. Propostion 5.1 shows that the composition ¢ o (¢(N), u(N)) has image equal to C4(N),
and furthermore that ¢=1(C4(NV)) is equal to the locus of (E, A) (with full level-N structure)
for which there ezists a map h : E — A inducing the map b on N-torsion. To identify this

pullback generically with NLZ,d(N ), it therefore suffices to show that the map (e(V), u(N)) is
birational onto its image.

Note that (e(N), u(N)) is unramified by |7, Proposition 3.6] (the level structure does not
affect the local arguments), so it suffices to show to show that (e(N), u(N)) is generically
of degree 1 on geometric points. This amounts to the statement that, at a general point

h:E — Aof NLZ’d(N), the map h is the only one (up to isomorphism) from E to A. By a
dimension count, we may assume that A splits up to isogeny into the product of E and a
simple abelian variety B of dimension g — 1, and when g = 2, we can assume further that B
is not isogeneous to E. We may furthermore assume that £ is general.

Now, if there are two non-isomorphic maps hi,hy : E — A, then the induced map
E x E — A must have a 1-dimensional kernel E’, by the assumption on the splitting of

A. The two maps i1,io : ' — E must have the same degree §, as the two compositions
13



E'— E x {0} - A and E' — {0} x E — A agree up to sign, and deg(h;) = deg(hs) = d.
Thus, the two maps i; 04} and iy 04} must both have map §?. The first map is multiplication
by 0. If E is general, then End(E) = Z, so i3 0 4y must either be multiplication by ¢ or —§.
In particular, we have iy o0 i{ = +iy 04y, and hence i; = +i,, implying that hq, hy are the

—~ b
same geometric point of NL_ ;(V). O
The main input into Theorem 1.2 is the modularity of Kudla-Millson.

Theorem 5.4 (Kudla-Millson [10]). Let ey be the Euler class of the dual of the rank 2g
tautological bundle on km(L(N)) of negative definite 2g-planes. For any b € L(N)V/L(N),
the power series

®°(q) == eo+ ) _[CH(N)l¢* € Mod(2¢,T'(N)) @ H* (km(L(N)))
d>1
15 a modular form of weight 2g and level N.
Proof of Theorem 1.2. The pullback under ¢ of the tautological bundle is a real vector
bundle on A; x A, whose complexification has fiber at (E, X) equal to H*(E) ® H**(X) @
HY%(E)® H*'(X). The two direct summands are duals and complex conjugates of each

other. The inclusion of the real 2¢g-plane followed by projection onto the first summand gives
an isomorphism of real oriented vector bundles, so

¢*(eg) = (—1)9¢,(E; R E,) € H* (A, x A,, Q).

APPENDIX A. NONVANISHING OF CERTAIN NOETHER-LEFSCHETZ CLASSES
by N. Sweeting

A.1. Overview. In this appendix, we prove the nonvanishing of the Noether-Loefschetz

—~— b
classes [NL,, (N)]™ for suficiently large N when b is an embedding (Theorem A.11 below).
The strategy of the proof is to produce, using theta lifts from GSO, s to GSp,, explicit classes
—~b
in H}(A1(N) x Az(N),C) with nonzero pairing against [NL, ,(N)]* under Poincaré duality.
Most of the theoretical work is contained in [20, Theorems A and C|, but without any precise

control of the level N; thus we must supplement the methods of loc. cit. with a number of
additional computations to make the level structures explicit.

A.2. Conventions.

A.2.1. If G is an algebraic group over Q, then [G] := G(Q)\G(A) denotes the usual adelic
quotient. We denote by A(G) the space of automorphic forms on [G], and by Aq(G) the
subspace of cusp forms. If K C G(Ay) is a compact open subgroup, then we write Ay (G; K)
for the space of K-invariant cusp forms.

A.2.2. For an integer N > 1, we consider the compact open subgroup

d

of GLy(Ay). It is clear that K (/N), depends only on the p-adic valuation of N.
14
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A.2.3. We denote by B C GLy the upper triangular Borel subgroup, and by U C B the

unipotent radical. We define a map of algebraic groups G,, — GLy by ¢ — h. = (é 2) :

A.2.4. Let ¢ : Q\A — C be the unique everywhere unramified character such that (z) =
e2™® for z € R, and let 9, be the local component of v for every completion k of Q.

A.2.5. Let SO(2) C GLy(R) be the standard maximal compact subgroup; we denote by x,,
the weight-m character of SO(2) defined by

( cosf sind

_aing Cose>r—>(0050+zsm9) :

A.3. Shimura varieties.

A.3.1. Disconnected moduli spaces of abelian varieties. Fix N > 1, and define Ky = Ky, =

~

Hp Kngp C GSpy,(Z) to be the compact open subgroup of matrices that are congruent to
the identity modulo N. Let A} (NN)g be the complex Shimura variety for GSp,, of level Ky:

(1) AL (N) = GSpa (Q)\ GSpy, (Ay) x H,/Ky.

There is a natural projection Ay (N) — Q*\A7 /(1 + Nz)X ~ ny, whose fibers are the
geometric connected components, each isomorphic to A,(/N). We also have the natural
embedding

(2) ALN) Xy Ay 1 (N) = AL N) X AG(N)

N Yig—1

corresponding to the embedding of groups GSp,y Xg,, GSpy,_5 <> GSpy X GSp,y, .
Proposition A.1. For allb: (Z/NZ)? — (Z/NZ)*, we have

0# NL, ,J* € H'(A(N) x A,(N),Q)

if and only iof
0 % [AL(N) X,y Ay (N)] € HY(AL(N) x AL (N), Q).

Proof. Because all choices of the embedding b differ by an element of Sp,(Z/NZ), the resulting

classes [N[ZJV are transitively permuted by the natural action of Sp,(Z/NZ) on A, (N).
Hence we may assume without loss of generality that b is the embedding sending (Z/NZ)?
isomorphically onto the last two coordinates of (Z/NZ)9.

The embedding A} (N) X, A, 1 (N) — A (N) x A} (N) factors through the open and
closed subvariety Aj(N) X, A, (N) C Aj(N) x A, (N). For each connected component

Ai(N) x Ag(N) of AJ(N) X, Ay (N), our choice of b implies that
—p
(ALN) Xy A1 (N)) 1 (AN) 5 A (N)) = NLoy,
and the proposition follows.
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Lemma A.2. Let N, M > 1 be integers, and suppose
07 [ALN) Xy Ap 1 (N)] € HY(AL(N) x AL(N), Q).
Then
0 # [ALNM) X,y A (NM)] € H(AUNM) x A)(NM), Q).

Proof. The pullback map H*(A}(N) x A}(N),Q) — H*(A{(NM) x A (NM),Q) is in-
jective because the projection my s @ A (NM) x A (NM) — Aj(N) x A (N) is finite.
Hence by assumption, 7y 5, [Af (V) X,y AL (N)] # 0. On the other hand, the preimage

Ty (AL(N) X AL (N)) is a union of GSpy(Z/NMZ) x GSpy,(Z/N MZ)-translates of
A (NM) x 41 (NM), and the lemma follows. O

KN M

A.3.2. Automorphic forms in cohomology. Fix 7 =ild € H,. The stabilizer of 7 in GSp,,(R)
is the subgroup R*-U(g), and the tangent space to the real manifold Hy at 7 is p := sp,, 5 /u(g).
As a U(g)-module, pc is isomorphic to Sym® &(Sym?)Y, where Sym? is the symmetric square
of the g-dimensional defining representation of U(g).

Thus we have a canonical map

(3) (A(GSpyy) @ N'pe)* U1 — HY (A (N), C),
which on cusp forms restricts to a map
(4) (Ao(GSpyy) © A'pe)* 79 — HI(A(N),C).

A.4. Newforms and Whittaker models for GL,.

A.4.1. Let w be an irreducible, admissible, infinite-dimensional representation of GLy(Q,) for
prime p. The conductor of 7 is the least n such that 7%1®")» =£ 0: it is well-known that such
an n always exists, and, if n is minimal, then 7%1?")» is one-dimensional. A generator of this
space is called a local newform for .

A.4.2. Recall the nontrivial additive character ¢, of Q,, which is trivial on Z, but not on
pZy,. We also view g, as a character of

1
U(Q) = {(0 ‘f) L ac€ @p} C GLy(Q,).
Then 7 has a Whittaker model
G P
Wy, () C Indg 33 g,
Let W9

g, © Wi, () be a local newform.

Proposition A.3. Suppose m has conductor n > 1, so that L(s,7) = (1 — ap™®) for some

a € C. Then up to rescaling Wﬁw@p, we have
0, ord,(t) <0,
Wy, ((8 (1)>) =<1, ord,(t) =0,
|t/ 2™ ord,(t) > 0.
Proof. This is a special case of |15, Theorem 4.1]. O

A.5. Induced representations and Eisenstein series on GLs.
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A.5.1. For each place v of QQ, let
(5) I,(s) = Indj 25 53,

be the normalized induction, and let I(s) = ®U]v(s).
For ¢(s) € I(s), we have the Eisenstein series

E(g,si9)= >, @(s)(79),9 € GLa(A),
v€B(Q)\ GL2(Q)

which converges for R(s) > 0.

A.5.2. For N > 1, we define a section 3, = Q9% € I(1/2) as follows:

e For v = p, ¢}, is the unique K (N ),-invariant section supported on B(Q,) - K1(N),
and satisfying @3 (1) = 1.
e For v = o0, ¢}, is the unique SO(2)-spherical section satisfying % (1) = 1.

We can extend ¢} uniquely to a section @}(s) € I(s) so that the restriction of ¢} to
GLs(Z) - SO(2) is independent of s.

Proposition A.4. The Eisenstein series E(g,s; %) has a pole at s = 1/2, with residue a
nonzero constant function of g.

Proof. By the well-known theory of Eisenstein series for GLy, it suffices to show that ¢},
has nontrivial image under the intertwining operator

M, : 1,(1/2) — I,(—1/2)

for all primes v. At v =00 and v = p{ N, this is clear because Y, is the unique spherical
vector for a maximal compact subgroup of GLy(Q,), so we consider the case of v = p|N. The
intertwining operator is given explicitly by

M, (¢)(9) =/ 2 ((_01 (1)> <(1) ‘?) g) dy, ¢ € 1,(1/2),9 € GL2(Qp).

P

Normalizing the measure so that Z, has unit volume, we therefore calculate:

o (4 )2 6 1) D)
=0+ /@p\Zp |~ o% ((yll ?)) dy

- ¥ /%Xm y= Y pip—1) £0,

n>ordp( n>ord,(N)

where in the second line we have used that ( 01 0) ¢ B(Q,)K;(N), for all p|N. O

A.6. Welil representation and theta lifting.
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A.6.1. Let e = 41, and let V', W be vector spaces over a field k equipped with nondegenerate e-
symmetric and (—e)-symmetric pairings, respectively. We assume dim W = 2n and dim V' =
2m are even, that V has trivial discriminant character, and that W is equipped with a
complete polarization

(6) W =W, & W, Wy=W;.

A6.2. Let G; = G1(V), G = G(V) be the connected isometry and similitude groups,
respectively, of V| and likewise H; = H (W) and H = H(W); we have the natural similitude
characters vg : G — G,,, and vy : H — G,,.

A.6.3. The local Weil representation. Suppose that k is a local field, and let ¢, be a nontrivial
additive character of k. Then following Roberts’ construction [18], the similitude Weil
representation w = wyw,y, of (H Xg,, G)(k) is realized on the Schwartz space S(W, ®@ V)
of compactly supported, complex-valued functions on Wy ® V. Concise descriptions of this
representation can be found in [5, §2| or |20, §4], but all we require are the following two

facts:
((3 wﬁm)ag)ézufx@nka>

on S(Wy, ® V) is given by ¢ — |vg(g)| "™/ 2p o g™
e Suppose V = V] @& Vj; is a polarization of V. Then the Fourier transform

SWo@V) = S(WQ Vs)
s B, Blan,z) = / bz, 22)(z - 1)dz,

Wa®Vq

e The action of

with dz the self-dual Haar measure, defines an (H xg,, G)(k)-linear isomorphism
from WV, Wy, to WW, Vb, -

A.6.4. The global Weil representation. Now turn to the global situation, and take k£ = Q in
(A.6.1). The adelic Schwartz space Sy (W2 ® V') is the restricted tensor product of the local
Schwartz spaces S, (W@ V) = S(Wo® V ® k) as k ranges over completions of Q. The global
Weil representation w = wy,w.y of (H Xg,, G)(A) is realized on Sy (W2 ® V') as the restricted
tensor product of the local Weil representations.

Recall the automorphic realization of w, given by the theta kernel:

8) Ohgio)= Y.  wlhge@), (hg)e(H xg,G)A), ¢ €S(WraV).
zeW2(QaV(Q)

A.6.5. Theta lifts of automorphic forms. Let f € Ay(G(A)) be an automorphic cusp form
and choose any ¢ € Sy(Wy ® V). Then, fixing a Haar measure dg; on G(A), the similitude
theta lift 6,(f) to H is the automorphic function

(9) h— - 0(g190, h; @) f(9190)dhy, h € H(A),

where go € G(A) is any element such that vg(go) = vu(h).
18



For any compact open subgroup K C H(Ay), we say ¢; € Sy, (Wo ® V) is K-invariant,
which we write as

¢f S SAf(WQ ® V)K,
if for all k € K, there exists gy € G(Af) with vg(go) = v (k) such that
W(g(), k)¢f = ¢f‘
Note that, if we fix ¢, € Sg(W2 ® V'), then
(10) 06,00, (f) is K-invariant for all ¢; € Sy, (W2 ®@ V)~

A.7. Some explicit Schwartz functions.

A.7.1. The split four-dimensional quadratic space. We briefly recall the conventions of |20,
§5.1]. Let V = M,, with its canonical involution x +— z* and quadratic form given by
(x,y) = tr(2y*). We have the map of algebraic groups over Q:

(11) Pz : GLQ X GLQ — GO(V)

defined by p, (g1, g2) - * = g12g3. The kernel of p,, is the antidiagonally embedded G,,, and
P, is a surjection onto the connected similitude group GSO(V) C GO(V).

A.7.2. For any pair of automorphic forms f;, fo on GLy(A) with the same central character,
we obtain an automorphic form f; X fo on GSO(V) defined by

(12) (f1 ¥ f2)(p2(91,92)) = fi(g1) f2(g2); 91,92 € GLa(A).

A.7.3. Symplectic spaces. For all g, we consider the standard symplectic space of dimension
2g over Q, with basis ey, ez, ..., ey, such that

€on—1"€2np = —€2p " E2p_1 = 17 vVli<n< g,
and all other pairings of basis vectors are trivial. We will always take the complete polarization
(e1,€2,...,e2,) = (e1,€3,...,€991) D (€2, €4,...,E).
A.7.4. Nonarchimedean Schwartz functions. For each prime p, define the Schwartz function

¢N,p € SQp (V)

to be the indicator function of the subset
7 7
(Nip Zz) cVe QP = M2(Qp)-

Clearly ¢, depends only on the p-adic valuation of N. Also identify Sg, (V') with the Schwartz
space Sg,((e2) ® V'), which realizes the Weil representation of (GSp, xg,, GSO(V))(Q,).
Fix the polarization V = V| & V,, where

@ i=i ) v=( )



Proposition A.5. Under the Fourier transform of (7),
Oy € So,((e1,€2) @ Va)

1s the indicator function of the set

0 O 0 0
e1 ® <Zp Zp) +e® (NZP Zp> C (e1,e2) ® V.

Proof. By definition,
r oy
(2 2)) st

~ 0 0 0 0
oo (2 (8 2)-

and the proposition follows. O

2
P

Proposition A.6. Fiz integers N and M and consider the Schwartz function

PN Mp = ONp @ Dy € Sg,((e2) @ V) ® Sg, ({eq) @ V) C Sg, ((€2,€4) @ V).
Then we have
Onmp € Sg, (€2, e4) @ V) N2 Kt 20,

Proof. By the same calculation as Proposition A.5, the Fourier transform

(EN,M,p € Sg, ((e1, €2, €3, e4) ® V2)

is the indicator function of the set

0 0 0 0 0 O 0 0
e1® <Zp Zp> + e ® <Zp NZP) + e3 X (Zp Zp> +e4® <Zp MZP) .

Because the Fourier transform is equivariant for (GSp, xg,, GSO(V))(Q,), the proposition
follows from the stability of this set under the action of

KnopN Ky = {9 € GSpy(Z,) : g =1d  (mod pmx{orde(Mordp(DIy1

A.7.5. The local Siegel-Weil map. For each place v of Q, we have a map
Mio[]: 8o, (V) = 1,(1/2)
given by
~ _ iz
MiLl01(9) = (hauiy pal0, 1)30) = [der(a) ™ [ 6 (57 (7 1)) aoa

v

cf. [20, §6.4.6].
Proposition A.7. Suppose p|N. Then
M p|dnp — p_1¢N/p,p] =(1- p_l)SO(J]V,p-

Proof. First, we calculate, for ¢ > 0:

My o) ((; ?)) = /@ p ONp ((pfx p%»’y)) dady

por (N < ord, (N)

= Vol(Z, Np**N~7,) =
olZ, Op ») 1, i > ord,(N).
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In particular,

. 1 0\ _ J1-p" i=ordy(N)
(14) Mip[onp =P Onypy) ((p’ 1)) - {O, 0 < i < ord,(N).

On the other hand, it is clear that M [N, — P~ ¢dnyp,) is invariant under K5 (N),. By the
Iwasawa decomposition GLy(Q,) = B(Q,) - GLy(Z,) and the coset decomposition

GLy(Z,) = || <1i ?)Kl(Mp,

0<i<ord,(N) P
we conclude from (14) that M y[¢np — ' On/pplp = (1 — p‘l)go?VJD. O
A.7.6. Archimedean Schwartz function. Let T be the representation of U(2) of highest weight
(3, —1). We fix the nontrivial vector-valued archimedean Schwartz function
doo € (S (W2 ® V) @7 @ (i Ryy))! P raEo@ o),
denoted ¢, , in 20, §7.1.6].
A.8. Proof of Theorem A.11.

A.8.1. Construction of cohomology classes. Fix new cuspidal Hecke eigenforms f; and f for
['1(N) of weights 4 and 2, respectively, and of equal nebetype character . Then f; and f,
correspond to automorphic forms

fr.a € (Ao(GSpy; Knjp) ® X4)RX'U(1) , fon € (Ao(GSpy; Kn1) ® XQ)RX'U(D :
For any Schwartz function
(bf S SAf(<€27 €4> ® V)KN’Qv
we consider the vector-valued lift

Oy wom (fr.a 8 fon) € (A(GSpy; Kno) @ 7)F V.

Remark A.8. Assuming it is nonzero, the vector-valued automorphic form O g4, (fr.a®fon)
generates the unique generic member of the endoscopic Yoshida lift L-packet on GSp,
associated to f; and fy, cf. [19].

By [19, Theorem 8.3], ©4 g4, (f1,4 X f24) is a cusp form. Moreover, an easy calculation
shows that Homy () (7, A%pf) is one-dimensional in the notation of (A.3.2) with g = 2. Hence
from (4), we obtain a class

(15) 0600, (fr.a B fon)] € HI(AY(N),C)

which is well-defined up to a scalar multiple.
When g = 1, the space pg is a direct sum x2 @ xy as a U(1)-module. In particular,

Jan € (Ao(GSpy; Kyvp) @ xy)* VW
defines a class
[f2.n] € H (A{(N),C).
This is the usual cohomology class attached to the holomorphic modular form f, ® e~!. By
the Kiinneth formula, we also have the cohomology class

(16) [Fon] B [O4,00. (fra B fon)] € HAA(N) x Ay(N),C).
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Proposition A.9. Up to a nonzero scalar depending on the normalizations, the Poincaré
duality pairing

([ALN) Xy AN, [fan] B[Oy 0. (fr,a B fon)]) € HI(AL(N) x Ay(N),C) = C
15 given by

/[H} ®¢f®¢?(f1,A X fou)(t(h1, ho)) fon(h1)d(ha, ha),

where H = GSpy Xg,, GSp, is given the coordinates (hy,hs) and v : H < GSp, is the standard
embedding.

Proof. See |20, Proposition 7.2.4]. O

Lemma A.10. Suppose N > 1 is an integer such that there exist cuspidal newforms fi; and
fo for T1(N) of weights 4 and 2, respectively, of equal nebentype character . Then

0 # [AL(NV) X, AL(N)] € HY (AL (N) x AY(N), Q).

Proof. Without loss of generality, we may assume f; and f, are Hecke eigenforms. Then
Proposition A.9 reduces us to showing the nonvanishing of the period that appears therein,
for some choice of ¢y € Sy, ((e2, e4) ® V)2,

We now fix the Schwartz function ¢y € Sy, ({e2,e4) ® V) to be of the form gb?) ® gb?) for
69 = @,08) € Su,((e2i) ® V), i = 1,2. By [20, Theorem 6.5.2, Proposition 7.1.9], it suffices

to show that, for all p| N, we may choose gbéi) such that the following local zeta integrals are
all nonzero:

W2 e (gOWe o (ga)WS, i (hihe)
/(U\ PGLy xU\ PGL2)(Qp) /SLQ(QP) Ly 22%0p 73,p%0p

(17) w(hihe, 9)51(91)(17 0,0, = 1)@, (92) M1 [0 (g1)dh1dgrdgs,
¢ = det(g192),
9="Dpz(91,92)-

10 0
7@/7 , are the local components of the automorphic representations generated by f1 4, f2, and

Here, (1,0,0,—1) € (ey,e2) ® V4 is the vector e; ® (O O) +e® (O _01); T ps T2,p, and

fa.a, Tespectively; and W? etc. are the corresponding local newforms in the Whittaker

T1,p,%Qp
models. In fact, in [20, Theorem 6.5.2], ¢©%; is replaced with ¢° := ¢?; however, the proof of
loc. cit. still applies, as long as Proposition A.4 is used to replace the explicit calculation of
the residue in |20, Proposition 6.4.10]. We choose our Schwartz functions as follows for p|N:

o %) = ¢, for all p.
2 _
° ¢§,) = Onp — D 'Pnypyp for all p.
With these choices, we now show that (17) is nonzero.
We first consider the inner integral:

(18) I(g) = / W2 o (hiho)w(hihe, 9)onp(1,0,0,—1)dhy.
SLa(Qy) 7 .



Now, [20, Lemma 6.3.3] and its proof identifies (18) with a function in the @D@; X %Z)@;‘
Whittaker model of the representation 7y, X 7y, of GLa(Q,) X GL2(Q,). Because ¢y, is
clearly invariant by p, (K1 (N), x K1(N),), and because ord,(N) is the conductor of my ,, (18)

is a scalar multiple of the local newform W°, _, XW?Y, .. To show this scalar multiple is
m2.p%0p ™3.p%0y

nonzero, we evaluate
(19) 1(1):/ WO o (h)w(he, D)dy(1,0,0,—1)dhy.
SL2(Qp) e

Now by Proposition A.5, we can calculate directly that w(h, 1)$ ~Np(1,0,0, —1) is the indicator
function of K;(N),. Hence

I(1) = Vol(Ky(N),) - Wry o, (1) #0
by Proposition A.3. Hence, up to a nonzero scalar, (17) becomes, after using Proposition A.3:
(20)

0 0 0 0 0 0
(U PGLa XU\ PGL) (@) Wﬂzy’w%pl (91)Wﬂ2v’p,%; (92)Wm R (91) W, Pbg, (92)<PN,p (91)¢N,p(92)d91 dga.

This factors into the product of the two integrals

(21) / W2 e, (GOW2y 1 (91)¢N,(91)dan,
(U\ PGL2)(Qp) g 2P0

22 we, _ wo 0 dgs.

(22) /(U\PGLz)(@p) ™ ¥, (92) “2’1”1”@?(92)%@(92) 92

Now, because ¢}, , is supported on B(Q,)K1(N), by definition, and the local newforms are
all K;(N),-invariant, (21) and (22) become, up to nonzero scalars:

fy v (G0 1)) s (0 ) e
v (G0 1)) s (o 7)) e

Now an easy computation using Proposition A.3 shows that both of these integrals are
nonzero, which proves the lemma. U

Theorem A.11. For N = 11 and all N > 13, and for allb: (Z/NZ)* — (Z/NZ)*9, we have

0 # [Ny, (N)]* € HA (A (N) x A (N), Q).

Proof. Combining Proposition A.1 with Lemmas A.2 and A.10, it suffices to show that, for
all such NV, there exists No| NV satisfying the following condition:

There exist cuspidal newforms f; and f; of weights 4 and 2, respectively,
() for 'y (IVy), with equal central characters e.
First, we note that p = 11 and all primes p > 13 satisfy (x). Indeed, for such p it is known
that there exists a cuspidal newform f of weight 2 for T'y(p), cf. 8, Proposition B.3|; then f?
is a cuspidal eigenform of weight 4 for I'¢(p), which is necessarily new because there are no

cusp forms of weight 4 for SLy(Z).
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To exhibit more integers satisfying (x), we give the following table (sorted by prime
factorization of Ny), in which all the data and labels are taken from [13].

’ No \ fi \ 2 \ € ‘
16 = 2¢ 16.4.e.a | 16.2.c.a | 16.e
27 =32 | 27.4.a.a | 27.2.a.a | triv
25 =52 | 25.4.d.a|25.2.d.a|25d
49 =72 | 49.4.a.a | 49.2.a.a | triv

13 13.4.e.a| 13.2.e.a | 13.e

24 =23.3|244.a.a|24.2.a.a | triv

18 =2-3%|184.c.a | 18.2.c.a| 18.c

20 =22.5]204.a.a|20.2.a.a | triv

14=2-7|14.4.a.a| 14.2.a.a | triv

15=3-5 | 15.4.a.a| 15.2.a.a | triv
21=3-7 | 21.4.a.a | 21.2.a.a | triv
35=5-71|354.a.a|352a.a| triv

Now a direct calculation shows that all NV as in the theorem are divisible by either 11, a
prime p > 13, or one of the Ny appearing in the table, which completes the proof. [l
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